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Abstract

In high-energy physics, with the search for ever smaller signals in ever larger data sets, it has
become essential to extract a maximum of the available information from the data. Multivariate
classi cation methods based on machine learning technigue s have become a fundamental ingre-
dient to most analyses. Also the multivariate classi ers th emselves have signi cantly evolved in
recent years. Statisticians have found new ways to tune and to combine classi ers to further gain
in performance. Integrated into the analysis framework ROOT, TMVA is a toolkit which hosts a
large variety of multivariate classi cation algorithms. T hey range from rectangular cut optimiza-
tion using a genetic algorithm and from one- and multidimensional likelihood estimators, over
linear and nonlinear discriminants and neural networks, to sophisticated more recent classi ers
such as a support vector machine, boosted decision trees and rule ensemble tting. TMVA man-
ages the simultaneous training, testing, and performance evaluation of all these classi ers with a
user-friendly interface, and expedites the application of the trained classi ers to data.
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1 Introduction

The Toolkit for Multivariate Analysis (TMVA) provides a ROGintegrated environment for the
processing and parallel evaluation of sophisticated raritite classi cation techniquésTMVA

is speci cally designed for the needs of high-energy phygldEP) applications, but should not
be restricted to these. The package includes:

Rectangular cut optimisation (binary splits, Séd)

Projective likelihood estimation (Se6.2)

Multi-dimensional likelihood estimation (PDE range-sdarSec6.3 k-NN, Sec.6.4)
Linear and nonlinear discriminant analysis (H-Matrix — &&c5, Fisher 6.6, FDA —6.7)
Arti cial neural networks (three different implementatis, Sec6.8)

Support Vector Machine (Se6.9)

Boosted/bagged decision trees (S&&0

Predictive learning via rule ensembles (RuleFit, $etl)

The software package consists of abstracted object-edeiniplementations in C++/ROOT for

each of these discrimination techniques as well as auxiti@ols such as parameter tting and

transformations. It provides training, testing and perfance evaluation algorithms and visual-
ization scripts. Detailed descriptions of all the TMVA dasrs and their options are given in

Sec.6. Their training and testing is performed with the use of tm@plied data sets in form of

ROOT trees or text les, where each event can have an indvideight. The sample composition

(event classi cation) in these data sets must be known.dRreion requirements and transforma-
tions can be applied on this data. TMVA supports the use ol combinations and formulas,

just as they are available for the  command of a ROOT tree.

TMVA works in transparent factory mode to guarantee an wsdalgperformance comparison be-
tween the classi ers: all classi ers see the same training st data, and are evaluated following
the same prescriptions within the same execution jolizaétory class organises the interaction
between the user and the TMVA analysis steps. It performanaigsis and preprocessing of the
training data to assess basic properties of the discrimmaariables used as input to the classi-
ers. The linear correlation coef cients of the input vabias are calculated and displayed, and a
preliminary ranking is derived (which is later supersedgalassi er-speci ¢ variable rankings).
The variables can be linearly transformed (individually éach classi er) into a non-correlated
variable space or projected upon their principle compan€erd compare the signal-ef ciency and
background-rejection performance of the classi ers, thalysis job prints tabulated results for
some benchmark values (see S&d..7), besides other criteria such as a measure of the separa-
tion and the maximum signal signi cance. Smooth ef cien@rsus background rejection curves

A classi cation problem corresponds in more general terma discretised regressioproblem. A regression is
the process that estimates the parameter values of a fanetfoch predicts the value of a response variable in terms
of the values of other variables (timgput variables).




are stored in a ROOT output le, together with other graph@aaluation information. These re-
sults can be displayed using ROOT macros, which are conviyniexecuted via a graphical user
interface that comes with the TMVA distribution (see Sé®). The TMVA training job runs al-
ternatively as a ROOT script, as a standalone executablereWihTMVA.so is linked as a shared
library, or as a python script via the PyROOT interface. Eelelssi er trained in one of these
applications writes its con guration and training restittsa result (“weight”) le, which in the
default con guration has human readable text format.

A light-weight Readerclass is provided, which reads and interprets the weigtst (ieterfaced by
the corresponding classi ers), and which can be includeahiyn C++ executable, ROOT macro or
python analysis job (see S&:3).

For standalone use of the trained classi ers, TMVA also getss lightweight C++ response
classes, which contain the encoded information from thegteies so that these are not re-
quired anymore. These classes do not depend on TMVA or RO€Xhean on any other external
library (see Sec3.4).

We have put emphasis on the clarity and functionality of thetéry and Reader interfaces to the
user applications, which will hardly exceed a few lines al€oAll classi ers run with reasonable
default con gurations and should have satisfying perfanoeafor average applicationg/e stress
however that, to solve a concrete problem, all classi erguiee at least some speci ¢ tuning to
deploy their maximum classi cation capabilitindividual optimisation and customization of the
classi ers is achieved via con guration strings.

This manual introduces the TMVA Factory and Reader intesaand describes design and im-
plementation of the multivariate classi ers. It is not thead) here to provide a general introduc-
tion to multivariate analysis techniques. Other excelkeniews exist on this subject (see, e.g.,
Refs. [L, 2, 3]). The document begins with a quick TMVA start reference @t.2, and provides a
more complete introduction to the TMVA design and its funitility in Sec.3. Data preprocess-
ing such as the transformation of input variables and evening are discussed in Set. Sec-
tion 5 introduces optimisation and tting tools commonly used hg tlassi ers. All the TMVA
classi ers including their con gurations and tuning opt@are described in Se&1-6.11

Copyrights and credits

TMVA is an open source product. Redistribution and use of PMN source and binary forms, with
or without modi cation, are permitted according to the teriisted in the BSD licens&.Several similar
combined multivariate classi cation (“machine learnifgiackages exist with rising importance in most
elds of science and industry. In the HEP community the pag@tatPatternRecognitiopd, 5] is in use.
The idea of parallel training and evaluation of MVA-baseaissi cation in HEP has been pioneered by the
Corneliuspackage, developed by the Tagging Group of the BABAR Collation [6]. See further credits
and acknowledgments on page

2For the BSD license, sddtp://tmva.sf.net/LICENSE.
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2 TMVA Quick Start

To run TMVA it is not necessary to know much about its conceptto understand the detailed
functionality of the multivariate classi ers. Better, fusegin with the quick start tutorial given
below. One should note that the TMVA version obtained fromapen source software platform
Sourceforge.net (where TMVA is developed), and the one lwisipart of ROOT have a different
directory structure for the example macros used for theialtdVherever differences in command
lines occur, they are given for both versions.

2.1 How to download and build TMVA

TMVA is maintained at Sourceforge.nett{p://tmva.sf.net). The TMVA project is built upon
ROOT (http://root.cern.ch/), so that for TMVA to run ROOT must be installed. Since ROOT
version 5.11/06, TMVA comes as integral part of ROOT and canded from the ROOT prompt
without further preparation. For older ROOT versionsfdhe latest TMVA features are desited
the TMVA source code can be downloaded from SourceforgeSiate we do not provide prebuilt
libraries for any platform, the library must be built by theeun (see below). The source code can
be eitherdownloadedas a gzipped tar le or via anonymous CVS access:

Code Example 1: Source code download via CVS. The latest version (CVS HEAdD) ke downloaded
by typing the same command without specifying a version: .

While the source code is known to compile with VisualC++ omidws (which is a requirement
for ROOT), we do not provide project support for this platfoyet. For Unix and most Linux
avours custom Make les are provided with the TMVA distriban, so that the library can be
built by typing:

Code Example 2: Building the TMVA library under Linux/Unix using the provétl Make le. The
script must be executed to ensure the correct setting of gyerimks and library paths required by
TMVA.

After compilation, the library should be present.
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2.2 Version compatibility

TMVA can be run with any ROOT version above v4.02. The few odang con icts due to ROOT
source code evolution after v4.02 are intercepted in TM\AA@i++ preprocessor conditions.

2.3 Avoiding con icts between external TMVA and ROOT's inte rnal one

To use a more recent version of TMVA than the one present ihoited ROOT installation, one
needs to download the desired TMVA release from Sourcefoegecompile it against the lo-
cal ROOT, and make sure the newly built library is used instead of
ROOT's internal one. When running TMVA in a CINT macro the ni#rary must be loaded
rstvia: . This can be done directly in the macro or
in a le that is automatically loaded at the start of CINT (fan example, see the les

and in the directory). When runnin TMVA in an executable, the
corresponding shared library needs to be linked. Ones shddvne, ROOT's own

library will not be used anymore.

2.4 The TMVA namespace

All TMVA classes are embedded in the namespace . For interactive access, or use in macros
the classes must thus be preceded by , or one may use the command
instead.

2.5 Example jobs

TMVA comes with example jobs for the training phase (thisgghactually includes training, test-

ing and evaluation) using the TMVAactory, as well as the application of the training results

in a classi cation analysis using the TMVReader The rst task is performed in the program
, and the second in

In the ROOT version of TMVA the macros and are located
in the directory

In the Sourceforge.net version the macros and are located
in . At Sourceforge.net we also provide these examples in fdrtmeoC++ executa-
bles and , which are located in . To
build the executables, type , and then simply execute them by typ-
ing and . To illustrate how TMVA can be used in a python
script via PyROOT we also provide the script located in , Which

has the same functionality as the macro

2.6 Running the example

The easiest way to get started with TMVA is to run the example macro. Ituses an
academic toy data set for training and testing, which ctssisfour linearly correlated, Gaussian
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distributed discriminating input variables, with diffetesample means for signal and background.
All classi ers are trained, tested and evaluated using tiyediataset in the same way the user is
expected to proceed for his or her own data. It is a valualdecese to look at the example le in
more detail. Most of the command lines therein should beesgifaining, and one will easily nd
how they need to be customized to run TMVA on a real use caseetdildd description is given
in Sec.3.

The toy data set used by the example is included in the Saugmhet download. For the
ROOT distribution, the example macro automatically fetches the data le from
the web using the corresponding constructor

_ . The example ROOT macro can be run from any designated test

directory , after adding the macro directory to ROOT's macro search:pat
Code Example 3: Running the example using the Sourceforge.net version of TMVA.
Code Example 4: Running the example using the ROOT version of TMVA.

It is also possible to explicitly select the classi er(s)lie processed (here an example given for
the Sourceforge.net version):

Code Example 5: Running the example and processing only the Fisher and likelihood
classi ers. Note that the backslashes are mandatory.

The training job provides formatted output logging conitagranalysis information such as: signal
and background linear correlation matrices for the inputatédes, variable ranking, summaries
of the classi er con gurations, goodness-of- t evaluatidor PDFs (if requested), signal and
background correlations between the various classi &y signal/background-likeness decision
overlaps, signal ef ciencies at benchmark backgroundctija rates as well as other performance
estimators, and overtraining validation output.
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1) Input Variables

(1h) [ Decorrelated Input Yariables ]

(1c) [ PCA-transformed Input Yariahles |

(Za) Input Yariahle Correlations (scatter profiles)

(k) [ Decorrelated Input Yariahle Correlations (scatter profiles) |

(2c) [ PCA-transformed Input ariable Correlations (scatter profiles) ]

(3) Input Variahle Correlation Coefficients

(4a) Classifier Cutput Distributions

(4b) Classifier Probahility Distributions

(4c) Classifier Rarity Distributions

(5a) Classifier Cut Efficiencies

(5h) Classifier Background Rejection ws Signal Efficiency (ROC curve)

(6) [ Likelihood Reference Distributiuons |

(7a) [ Metwark Architecture ]

(7h) [ Metwork Convergence Test]

(&) [ Decision Tree (#1) ]

(9) PDFs of Classifiers

{10y [ Rule Ensemble Importance Plats |
{113 Guit

Figure 1: Graphical user interface (GUI) to execute macros disptatraining, test and evaluation results
(cf. Tablesl and2 on page?2). The GUI can be launched manually by executing the scripts

(Sourceforge.net version) or (ROOT version) in a ROOT
session. In short, the buttons behave as follows: (1a) phetssignal and background distributions of
the input variables (training sample), (1b) the same afeodelation transformation, (1c) the same after
PCA decorrelation (these latter two buttons only displautts if the corresponding transformations have
been requested by at least one classi er), (2a—c) scattes plith superimposed pro les for all pairs of
input variables for signal and background for the threedf@mation types (training sample), (3) linear
correlation coef cients between the input variables fgrsl and background (training sample), (4a) signal
and background distributions for the trained classi ees(tsample), (4b,c) the corresponding probability
and Rarity distributions (cf. see Se®.1.9, (5a) signal and background ef ciencies (also shown aee th
purities assuming an equal number of signal and backgroeerd€) as a function of the cut on the classi er
outputs, (5b) background rejection versus signal ef cieabtained when cutting on the classi er outputs
(ROC curve, from the test sample). The following buttonstguclassi er-speci ¢ macros: (6) signal
and background reference distributions (PDFs) used folikbBhood classi er compared to the training
data, (7a) architecture of the MLP neural network, (7b) esgence of the MLP error parameter for the
training and test samples (check for overtraining), (8Ygptosketch of the rst decision tree in the forest,
(9) compares the classi er PDFs to the training data, (10jspthe importance for the RuleFit classi er
in two dimensions, and (11) quits the GUI. Titles in brackatcate actions that can only be taken if the
corresponding transformations or classi ers have beefiegypsed during the training.

2.7 Displaying the results

Besides so-called “weight” les containing the classi speci ¢ training results, TMVA also pro-
vides a variety of control and performance plots that canigglayed via a set of ROOT macros
available in or for the Sourceforge.net and ROOT distri-
butions of TMVA, respectively. The macros are summarizetiablesl and2 on page22. At the
end of the example job a graphical user interface (GUI) ipldigd, which conveniently allows
to run these macros (see Fi.
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[ TMVA Input Variable: varl+var2 | [ TMVA Input Variable: varl-var2 |
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Figure 2: Example plots for input variable distributions. The histag limits are chosen to zoom into the
bulk of the distributions, which may lead to truncated tailfie vertical text on the right-hand side of the
plots indicates the under- and over ows. The limits in terafsnultiples of the distribution's RMS can
be adjusted in the user script by modifying the variable

(cf. Code Exampld?).

Examples for plots produced by these macros are given in &i§s The distributions of the input
variables for signal and background according to our exargll are shown in FigR. It is use-
ful to quantify the correlations between the input variabl&€hese are drawn in form of a scatter
plot with the superimposed pro le for two of the input variab in Fig.3 (upper left). As will be
discussed in Seel, TMVA allows to perform a linear decorrelation transforioat of the input
variables prior to the classi er training. The result of Budecorrelation is shown at the upper
right hand plot of Fig.3. The lower plots display the linear correlation coef cigriietween all
input variables, for the signal and background training gdam

Figure4 shows some of the classi er output distributions for sigaatl background events from
the test sample. By TMVA convention, signal (backgroundyreés accumulate at large (small)
classi er output values. Hence, cutting on the output andinéng the events witly larger than
the cut requirement selects signal samples with ef cienaied purities that respectively decrease
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var4 versus var3 (signal)_NoTransform var4 versus var3 (signal)_DecorrTransform
% 47‘“““ 7 % “““‘
L E 1 E
3 E 3l E
20 E 2k =
1r E b e
0 E ok =
F 3 Eo= 3
F E 1F =
2t 3 2F E
SI : 3k E
-4F E E ’ E
Bl bbb b b b b 1 d SAR L L
4 3 -2 -1 0 1 2 3 4 4 -3 2 -1 0 1 2 3 4
var3 var3
[ Correlation Matrix (signal) | | Correlation Matrix (background) |
linear correlation coefficients in % 100 linear correlation coefficients in % 100
vard vard
var3 var3
varl-var2 varl-var2
varl+var2 varl+var2
Var, Var; Var Var, 100 Var, Var; Var Var, -100
I’Varz 1-,,3’,2 3 4 I’Varz 1-,,3’,2 3 4

Figure 3: Correlation between input variables. Upper left: coriietad between var3 and var4 for the signal
training sample. Upper right: the same after applying adirtecorrelation transformation (see S&d..J).
Lower plots: linear correlation coef cients for the sigradd background training samples.

and increase with the cut value. The resulting relationwéen background rejection versus sig-
nal ef ciency are shown in Figb for all classi ers that were used in the example macro. This p
belongs to the class ®eceiver Operating Characterist{ROC) diagrams, which in its standard
form shows the true positive rate versus the false positite for the different possible cutpoints
of a hypothesis test.

More macros are available to validate training and respofhspeci ¢ classi ers. For example,
the macro compares the probability density functions used by thditiked
classi er to the normalised variable distributions of thiaining sample. It is also possible to
visualize the MLP neural network architecture and to draeisien trees (see TabR.




[ TMVA output for classifier: Likelihood | [ TMVA output for classifier: PDERS |
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Figure 4: Example plots for classi er output distributions for sigrend background events from the
academic test sample. Shown are likelihood (upper leftk Pihge search (upper right), MLP (lower left)
and boosted decision trees.

3 Using TMVA

A typical TMVA analysis consists of two independent phasbetraining phase, where the multi-

variate classi ers are trained, tested and evaluated, amgbplicationphase, where selected clas-

si ers are applied to the concrete classi cation probleraytthave been trained for. An overview

of the code ow for these two phases as implemented in the plesn and
(see Sec2.5) is sketched in Fig6.

In the training phase, the communication of the user withddia sets and the classi ers is per-
formed via a object, created at the beginning of the program. The TMVAéigcpro-
vides member functions to specify the training and test gets, to register the discriminating in-
put variables, and to book the multivariate classi ers.ekfthe con guration the Factory calls for
training, testing and the evaluation of the booked classi eClassi er-speci ¢ result (“weight”)
les are created after the training phase.

The application of training results to a data set with unkn@ample composition is governed by
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Figure 5: Example for the background rejection versus signal ef cieobtained by cutting on the classi er
outputs for the events of the test sample.

the object. During initialization, the user registers the inpariables together with their
local memory addresses, and books the classi ers that veairedfto be the most appropriate ones
during the training phase. As booking argument, the nambeofveight le is given. The weight
le provides for each of the classi ers full and consistemncguration according to the training
results. Within the event loop, the input variables are tguldor each event, and the selected
classi er outputs are computed.

For standalone use of the trained classi ers, TMVA also getes lightweight C++ response
classes, which contain the encoded information from thghteles so that these are not required
anymore (cf. Sec3.4).

3.1 The TMVA Factory

The TMVA training phase begins by instantiating a object with con guration options
listed in Option-Tablel.

Code Example 6: Instantiating a Factory class object. The rst argumentésuser-de ned job name that
will reappear in the name of the weight les containing thaiing results. The second argument is the
pointer to a writable target le created by the user, where control and perforradristograms are
stored.

3This somewhat redundant operation is required to verifyctireespondence between the Reader analysis and the
weight les used.




3.1 The TMVA Factory 11

User Training User Application
Script Script

create ROOT

Create
Target File TMVA::Reader

uses
create API ;
» TMVA::Factory execute f Add Variables
execute fﬂ» Add Variables ‘L Add Variables
>

‘L Add Variables APl __ (" Book MVA
execute f weight file to read
itiali Book MVA
ap [ niaice L
» Training and
Test Trees

API Book MVA
execute o f kType, Options

......... »

- ‘L Book MVA — update event
kType, Options AP|
——» Compute MVA

execute API [ Train MVAs >
write weight files L—» Compute MVA
execute API
> »| Test MVAs r—

execute API end event loop
> »| Evaluate MVAs

Y Y vy Y

\ 4

\ /

begin event loop

»

flow of sequences
\ 4
flow of sequences

event loop

v

Figure 6: Left: Flow (top to bottom) of a typical TMVA training applicatioithe user script can be a ROOT
macro, C++ executable, python script or similar. The useat&s a target ROOT , Which is used by
the TMVA Factory to write histograms and trees. The Factafter creation by the user, organises the
user's interaction with the TMVA modules. It is the only TM\@bject directly created and owned by the
user. First the discriminating variables that must be -compliant functions of branches in the signal
and background training trees are registered. Then, seletdssi ers are booked through a type identi er
and a user-de ned unique name, and con guration optionsspeei ed via an option string. The TMVA
analysis proceeds by consecutively calling the trainiegting and performance evaluation methods of the
Factory. The training results for all classi ers used ardtten to custom weight les and the evaluation
histograms are stored in the target le. They can be analygstdspeci c macros that come with TMVA
(cf. Tablesl and?2).

Right: Flow (top to bottom) of a typical TMVA analysis applicatiofihe classi ers that have been selected
as appropriate in the preceding training and evaluatiop ate now used to classify data of unknown
signal and background composition. First, a class object is created, which serves as interface to the
classi ers' response, just as was the Factory for the trgjrind performance evaluation. The discriminating
variables and references to locally declared memory ptaldebs are registered with the Reader. The
variable names and types must coincide with those usedddrdiming. The selected classi ers are booked
with their weight les in the argument, which fully con gussgthem. Only the bulk part of the name (that is
the le name without extension) is given. The Reader addsafiggopriate le extensions  and

for the 1/0O operations. The user then runs the event looprevfa each event the values of the input
variables are copied to the reserved memory addressedi@MMA response values are computed.
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Option Values Description

Verbose ag
Switch for color output

Option Table 1: Con guration options for the Factory. Colored output is ®lied on by default, except
when running ROOT in batch mode (i.e., when theoption of the CINT interpreter is invoked).

3.1.1 Specifying training and test data

The input data sets used for training and testing of the wauitite classi ers need to be handed
to the Factory. TMVA supports ROOT and derived objects as well as text les. If
ROOQOT trees are used, the signal and background events candied in the same or in different
trees. Overall weights can be speci ed for the signal ankbemnd training data (the treatment
of event-by-event weights is discussed below).

Specifying training data in ROOT tree format with signal dradkground events being located in
different trees:

Code Example 7: Registration of signal and background ROOT trees read from sources. Overall
signal and background weights per tree can also be specildt object may be replaced by a

Specifying training data in ROOT tree format with signal dratkground events being located in
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the same tree:

Code Example 8: Registration of a single ROOT tree containing the input @ataignalandbackground,
read from a source. The object may be replaced by a . The cuts identify the event
species.

Specifying training data in text format:

Code Example 9: Registration of signal and background text les. Names gpe$ of the input variables
are given in the rstline, followed by the values.

3.1.2 Selecting variables and variable transformations

The variables in the input trees used to train the classeeesregistered with the Factory using the
method. It takes the variable name (string), which must lzagerrespondence in

the input ROOT tree or input text le, and optionally a type ( (default) and ). The type is

used to inform the classi ers whether a variable takes owmtiis oating point or discrete valués.

Note that indicatesany oating point type, i.e., and . Correspondingly,
stands for integeiincluding : : , and the corresponding types. Hence,
even if a variable in the input tree is , it should be declared in the call.

4For example for the projective likelihood classi er, a ltigtam out of discrete values would not (and should not)
be interpolated between bins.
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It is also possible to specify variable expressions, jusfioashe command (the
expression is interpreted as a , including the use of arrays).

Code Example 10: Declaration of variables used to train the classi ers. Eeahable is speci ed by its

name in the training tree (or text le), and optionally a type for oating point and for integer,
is default if nothing is given). Note that indicatesany oating point type, i.e., and

Correspondingly,  stands for integetincluding , , , and the corresponding

types. Hence, evenif avariable inthe inputtreeis it should be declared here. Here,

has discrete values and is thus declared as an integer. slustlze command, it is also

possible to specify expressions of variables.

Individual events can be weighted, with the weights beinglamn or a function of columns
of the input data sets. To specify the weights to be used fochkassi er training the following
command is available:

Code Example 11: Speci cation of individual weights used for the trainingests. The expression must
be a function of variables present in the input data set.

It is possible to normalise the input variables witlfn1] prior to using them in a classi er. The
corresponding boolean option is . Normalisation is useful if the variable outputs or
coef cients of variables are compared. This is the case fsinét, function discriminators (FDA)
and neural networks. Note that the following classi ersra support normalisation: PDERS,
k-NN, BDT and RuleFit.

3.1.3 Preparing the training and test data

The input events that are handed to the Factory are intgroafied and split into oné&aining
and onetestROQT tree. This guarantees a statistically independenti@ian of the classi ers
based on the test samplelhe numbers of events used in both samples are speci ed bystre
They must not exceed the entries of the input data sets. éntbasuser has provided a ROOT tree,
the event copy is accelerated by disabling all branchesseat by the input variables.

It is possible to apply selection requirements (cuts) uperinput events. These requirements can
depend on any variable present in the input data sets,hiey,are not restricted to the variables
used by the classi ers. The full command is as follows:

5A fully unbiased training and evaluation requires at leaste statistically independent data sets. See comments in
Footnoted on pagelo.
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Code Example 12: Preparation of the internal TMVA training and test treese $lzes (number of events)
of these trees are speci ed in the con guration option gjriThey can be set individually for signal and
background. Note that the preselection cuts are appliegtédiie training and test samples are selected,
i.e., the tree sizes apply on the selected events. It is assilfe to choose among different methods to
select the events entering the training and test trees fhensource trees. All options are described in
Option-Table2. See also the text for further information.

The numbers of signal and background events used for tgpind testing are speci ed in the

con guration string by the variables , , and (e.g.,

). The default value
(zero) signi es that all available events are taken, efg., i and ,and
if the total signal sample has 15000 events, then 5000 saymalts are used for training and the
remaining 10000 events are used for testing. If and , the signal sample

is split in half for training and testing. The same rules gpplbackground. Since zero is default,
not specifying anything corresponds to splitting the sa®jm two halves.

The option de nes how the training and test samples are selected freradhrce trees.
With , events are selected randomly. With , events
are chosen in alternating turns for the training and testpé@sras they occur in the source trees
until the desired numbers of training and testing eventssakected. In the

mode the rst and events of the input data are selected for the training
sample, and the next and events comprise the test data. This is usually not
desired for data that contains varying conditions over trgye of the dataset. For the
selection mode, the seed of the random generator can be git. W the generator
returns a different random number series every time. Thaultefeed of 100 results in the same
training and test samples each time TMVA is run (as does dmraeed apart from 0).

In some cases event weights are given by Monte Carlo gengraiod may turn out to be overall
very small or large numbers. To avoid artefacts due to thiMVA internally renormalises the
signal and background weights so that their sums over afitevaual the respective numbers of
events in the two samples. The renormalisation is optiamécan be modi ed with the con gura-

tion option (cf. Table2). Possible settings are:  : no renormalisation is applied (the
weights are used as given), (default): renormalisation to sums of events as described
above, : the event weights are renormalised so that both, the sungmdisand

the sum of background weights equal the number of signaltewethe sample.
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Option Values Description

Method for selecting signal and back}
ground events from the source trees

Random seed when is

Type of internal renormalisation of
event-by-event weights

Number of training events from the sig
nal sample

Number of training events from the
background sample

Number of test events from the signdl
sample

Number of test events from the back
ground sample

Verbose ag

Option Table 2: Con guration options for the preparation of the internalihing and test trees (see also
Code-Exampld2 and comments in the text).

3.1.4 Booking the classi ers

All classi ers are booked via the Factory by specifying thassi er's type, plus a unique name
chosen by the user, and a set of speci ¢ con guration optiensoded in a string quali €t.If the
same type of classi er is booked several times with différgptions (which is useful to optimise
the con guration of a classi er), the speci ed names sholid different, allowing to separate
the instances and their weight les. A booking example fog tikelihood classi er is given
in Code Examplel3 below. Detailed descriptions of the con guration optiong given in the
corresponding tools and classi er sections of this useligegguand booking examples for most
of the classi ers are given in Appendi&. With the classi er booking the initialization of the
Factory is complete and no classi er-speci ¢ actions affttie do. The Factory takes care of the
subsequent training, testing and evaluation of the classi

bIn the TMVA package, a classi er is termedethod According to that terminology, the Factory has a function
, and allmethodsare derived from the abstract interface and the base class
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Code Example 13: Example booking of the likelihood classi er. The rst arg@mt is a unique type
enumerator (the available types can be looked up in ), the second is a user-de ned name
which must be unique among all booked classi ers, and ttrel ihcon guration option string that is speci ¢
to the classi er. For options that are not explicitly set iretstring default values are used. The syntax of
the options should be clear from the above example. Indalidptions are separated by a ":'. Boolean
variables can be set either explicitly as , Or just via

All speci c options are explained in the tools and classisctions of this users guide.

Getting help

Upon request via the con guration option™ (see code example above) the TMVA classi ers
print concise help messages. These include a brief dascripf the classi er, a performance
assessment, and hints for the settings of the most impartemgjuration options. The messages
can also be evoked by the command

3.1.5 Training the classi ers

The training of the booked classi ers is invoked by the comuha

Code Example 14: Executing the classi er training via the Factory.

The training results are stored in the weight les which areesl in the directory (which,
if not existing is created). The weight les are named -
h i, where the job name has been specied at the instantiatioth@fractory, and

is the unique classi er name speci ed in the booking commaRdch classi-
er writes a custom weight le in text format (extension is ) where the classi er con guration
options, controls and training results are stored. Oplipiiais also possible to store the train-
ing results in a ROOT (extension is ) containing -derived objects (such as
reference histograms for the likelihood classi er).

"The default weight le directory name can be modi ed from thger script through the global con guration vari-
able
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3.1.6 Testing the classi ers

The trained classi ers are applied to the test data set amdde scalar outputs according to which
an event can be classi ed as either signal or backgrdufitie classi er outputs are stored in the
test tree to which a column is added for each classi er. The is eventually written to the target
le and can be directly analysed in a ROOT session. The tgstirall booked classi ers is invoked
by the command:

Code Example 15: Executing the validation (testing) of the MVA classi ersahe Factory.

3.1.7 Evaluating the classi ers

The Factory and data set classes of TMVA perform a prelirgipanperty assessment of the input
variables used by the classi ers, such as computing lineeetation coef cients and ranking the
variables according to their separation (see bullet beldWg results are printed to standard out-
put. After training and testing, also the linear correlatamef cients among the classi er outputs
are printed. Moreover, overlap matrices are derived (aimdqul) for signal and background that
determine the fractions of signal and background eventsatiesequally classi ed by each pair of
classi ers. This is useful when two classi ers have simiterformance, but a signi cant fraction
of non-overlapping events. In such a case a combinationeotldssi ers (e.g., in &ommittee
classi er) could improve the performance (this can be edézhto any combination of any number
of classi ers).

The performance evaluation in terms of ef ciency, backgruejection, etc., of the trained and
tested classi ers is invoked by the command:

Code Example 16: Executing the performance evaluation via the Factory.

The optimal classi er to be used for a speci ¢ analysis sgiigndepends on the problem at hand
and no general recommendations can be given. To ease thee cHdiVA computes a number of
benchmark quantities that assess the performance of & els on the independent test sample.
These are

Thesignal ef ciency at three representative background efrties(the ef ciency is equal
to 1l rejection) obtained from a cut on the classi er output. Also given ig tirea of

8TMVA discriminates signal from background in data sets wittknown composition of these two samples. In
frequent use cases the background (sometimes also thd) gignsists of a variety of different populations with char-
acteristic properties, which could call for classi ers Wihore than two discrimination classes. However, in pradtic
is usually possible to serialize background ghting by miag individual classi ers for each background source, and
applying consecutive requirements to these.
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the background rejection versus signal ef ciency funct{the larger the area the better the
performance).

TheseparationhiS?i of a classi ery, de ned by the integral ]

o 17 0s0) 95000
2 ¥s(y)+Ye(y)

wherefs andyg are the signal and background PDFy ofespectively (cf. Se®.1.9. The
separation is zero for identical signal and background eshyagnd it is one for shapes with
no overlap.

dy; 1)

The discriminationsigni cance of a classi er, de ned by the difference between the clas-
si er means for signal and background divided by the quacrstim of their root-mean-
squares.

The results of the evaluation are printed to standard outpaitaddition, smooth background
rejection/ef ciency versus signal ef ciency curves areitten to the target ROOT le, and can be
plotted using custom macros (see S&@).

3.1.8 Overtraining

Overtraining occurs when a machine learning problem ha$awalegrees of freedom, because
too many model parameters of a classi er were adjusted tddaodata points. The sensitivity
to overtraining therefore depends on the classi er. Fongxa, a Fisher discriminant can hardly
ever be overtrained, while, without the appropriate caunteasures, boosted decision trees usu-
ally suffer from at least partial overtraining, owing to ithkerge number of nodes. Overtraining
leads to a seeming increase in the classi cation performaver the objectively achievable one,
if measured on the training sample, and to a real performdacecase when measured with an
independent test sample. A convenient way to detect ougirigpand to measure its impact is
therefore to compare the classi cation results betweeinitrg and test samples. Such a test is
performed by TMVA with the results printed to standard otitpu

Various classi er-speci ¢ solutions to counteract oveitring exist. For example, binned likeli-
hood reference distributions are smoothed before intatipgl their shapes, or unbinned kernel
density estimators smear each training event before congplite PDF; neural networks steadily
monitor the convergence of the error estimator betweenitigiand test samplgsuspending the
training when the test sample has passed its minimum; théeauof nodes in boosted decision
trees can be reduced by removing insigni cant ones (“treming”), etc.

® Proper training and validation requires three statidjéatiependent data sets: one for the parameter optimisatio
another one for the overtraining detection, and the lastfon¢he performance validation. In TMVA, the last two
samples have been merged to increase statistics. Thelgumsidini cant) bias introduced by this on the evaluation
results does not affect the analysis as far as cut ef cienidethe classi ers are independently validated with data.
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3.1.9 Other representations of the classi er outputs: prob abilities and Rarity

In addition to the classi er's output valug, which is typically used to place a cut for the clas-
si cation of an event as either signal or background, or whiould be used in a subsequent
likelihood t, TMVA also provides the classi er's signal ahbackground PDFgsg). The PDFs
can be used to derive classi cation probabilities for indual events, or to compute any kind of
transformation of which thRarity transformation is implemented in TMVA.

Classi cation probability The technigues used to estimate the shapes of the PDF®aee th
developed for the likelihood classi er (see Séc2.2for details) and can be customized
individually for each method (the control options are giversec.6). The probability for
eventi to be of signal type is given by,

fs ¥s(i) .
fs 9s()+@ fs) ¥e(i)’

wherefs = Ns=(Ns + Ng) is the expected signal fraction, aig) is the expected
number of signal (background) events (defaufigs= 0:5).1°

Ps(i) = (@)

Rarity. The RarityR (y) of a classi ery is given by the integralq]

z

Riy)= 99y’ ©)
1

which is de ned such thaR (yg) for background events is uniformly distributed between
0 and 1, while signal events cluster towards 1. The signéaliisions can thus be directly
compared among the various classi ers. The stronger thk feeards 1, the better is the
discrimination. Another useful aspect of the Rarity is tlesgbility to directly visualize
deviations of a test background (which could be physics)deden the training sample, by
exhibition of non-uniformness.

The Rarity distributions of the Likelihood and Fisher class for the example used in
Sec.2 are plotted in Fig7. Since Fisher performs better (cf. Figon pagel0), its signal
distribution is stronger peaked towards 1. By constructiba background distributions are
uniform within statistical uctuations.

The probability and rarity distributions can be plotted witedicated macros, invoked through
corresponding GUI buttons.
3.2 ROOT macros to plot training, testing and evaluation res ults

TMVA provides a simple GUI ( , see Fig.1), which interfaces ROOT macros that
visualize the various steps of the training analysis. Therosare respectively located in
(Sourceforge.net distribution) and (ROOQT distribution), and

1%The ps distributions may exhibit a somewhat peculiar structurthviequent narrow peaks. They are generated
by regions of classi er output values in whighy / s for which Ps becomes a constant.
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Figure 7: Example plots for classi er Rarity distributions for sigrend background events from the aca-
demic test sample. Shown are likelihood (left) and Fishighg}.

can also be executed from the command line. They are deddrib&blesl and2. All plots
drawn are saved gsng les (or optionally aseps gif les) in the macro subdirectory
which, if not existing, is created.

The binning and histogram boundaries for some of the hiatogrcreated during the training,
testing and evaluation phases are controlled via the somwgldass . They can be
modi ed as follows:

Code Example 17: Modifying global parameter settings for the plotting of tiscriminating input vari-
ables. The values given are the TMVA defaults. Consult thsslles Con g.h andCon g.cxx for all
available global con guration variables and their defesdttings, respectively. Note that the additional
parentheses are mandatory when used in CINT.

3.3 The TMVA Reader

After training and evaluation, the most performing classs are selected and used to classify
events in data samples with unknown signal and backgroumgesition. An example of how this
application phasés carried out is given in (Sourceforge.net)
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Macro

Description

Plots the signal and background MVA input variables (tnagrsam-
ple). The second argument sets the preprocessing type ( ,
default, for no preprocessing, and for decorrelated and
PCA-transformed variables, cf. Secl).

Plots superimposed scatters and pro les for all pairs ofitngari-
ables used during the training phase (separate plots foalsand
background). As above, the second argument determinesiarhe
the original ( , default) or preprocessed ( ) input
variables are plotted.

Plots the linear correlation matrices for the signal andkbemund
training samples.

Plots the classi er response distributions of the test darfgy signal
and background. The second argument ( ) allows to
also plot the probability (1) and Rarity (2) distributionfste clas-
si ers assuming an equal number of signal and backgroundteve
for the former quantity (see Seg.1.5. The latter two distributions
require the option for the classi er to be set to true.

Signal and background ef ciencies, obtained from cuttingtbe
classi er outputs, versus the cut value. Also shown are iteed pu-
rity and the signal ef ciency times signal purity assumingegual
number of signal and background events before cutting.

Background rejection (second argument , default), or back-
ground ef ciency ( ), versus signal ef ciency for the classi-
ers (test sample). The ef ciencies are obtained by cuttorgthe
classi er outputs. This is traditionally the best plot tosass the
overall discrimination performance (ROC curve).

Table 1: List of available ROOT macros for the representation of tMe/A training and evaluation results.
All macros take as rst argument the name of the ROOT le cdmiteg the histograms (default is
). Plotting macros for classi er-speci c information aristed in Table2.

and

(ROOQT). Analogously to the Factory, the com-

munication between the user application and the classi®interfaced by the TMVAReadey

which is created by the user:

Code Example 18: Instantiating a Reader class object.
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Macro Description

Plots the reference PDFs of all input variables for the ill@bd
classi er and compares it to original distributions ob&dfrom the
training sample.

Draws the TMVA-MLP architecture including weights afteaitring
(does not work for the other ANNS).

Plots the MLP error-function convergence versus the tngieipoch
for training and test events (does not work for the other ANNs

Draws the th decision tree of the trained forest (default is ).
The second argument is the weight le that contains the ful a
chitecture of the forest (default is _

).
Plots the classi er PDFs used to compute the probabilitpoase,
and compares it to the original distributions.

Plots the relative importance of rules and linear terms. T@lots
show the accumulated importance per input variable. Thec2d s
ter plots show the same but correlated between the inpuiblas.
These plots help to identify regions in the parameter spzakare
important for the model.

Table 2: List of ROOT macros representing speci c classi ers. Theams require that these classi ers
have been included in the training. All macros take as rguement the name of the ROOT le containing
the histograms (default is ).

3.3.1 Specifying input variables

The user registers the names of the input variables with #ad&. They are required to be the
same (and in the same order) as the names used for trainisgrétfuirement is not actually

mandatory, but enforced to ensure the consistency betwairing and application). Together
with the name is given the address of a local variable, whaies the updated input values
during the event loop.

Code Example 19: Declaration of the variables and references used as inghetolassi ers. The order
and naming of the variables must be consistent with the osed for the training. The local variables are
updated during the event loop, and through the referena@sualues are known to the classi ers. The
variable type must be either oat or int (double precisiom@t required).
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3.3.2 Booking selected classi ers

The classi er(s) found to be most performing are booked il Reader, using the weight les
from the preceding training job:

Code Example 20: Booking a multivariate classi er. The rst argument is a uske ned name to dis-
tinguish between classi ers (it does not need to be the saameeras for training, although this could be a
useful choice). The true type of the classi er and its fulhaguration are read from the weight le speci ed
in the second argument.

3.3.3 Requesting the classi er outputs

Within the event loop, the response value of a particulastler for a given set of input variables
(that are computed by the user) is obtained with the commands

Code Example 21: Updating the local variables for an event, and obtainingcthreesponding classi er
output.

The classi er output may then for example be used to put akattincreases the signal purity of
the sample (the achievable purities can be read off the a&tiaturesults obtained during the test
phase), or it could enter a maximume-likelihood t, etc.

The rectangular cut classi er is special since it returndreaty answer for a given set of input
variables and cuts. The user must specify the desired sifeancy to de ne the working point
according to which the Reader will choose the cuts:

Code Example 22: For the cut classi er, the second parameter gives the dibsigmal ef ciency according
to which the cuts are chosen. The return value is 1 for passéddor retained. See Footnoi& on
page39 for information on how to determine the optimal working pidior known signal and background
abundance.

Instead of the classi er response values, one may als@vetthe ratio%) from the Reader, which,
if properly normalised to the expected signal fraction ie #ample, corresponds to a probability.
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The corresponding command reads:

Code Example 23: Requesting the event's signal probability from a classi €he signal fraction is the
parametefs in Eq. (2).

Similarly, theRarity (3) is retrieved by the command

Code Example 24: Requesting the event's Rarity from a classi er.

3.4 An alternative to the Reader: standalone C++ response cl  asses

To guarantee the portability of the trained classi er rexgto any classi cation application the

TMVA classi ers generate lightweight standalone C++ rasgm classes together with the weight

les after the trainingt! These classes do not depend on ROOT, neither on any othestaodard

library. The names of the classes are constructed out of , and they

inherit from the interface class which is written into the same C++ le.

An example application (ROOT script here, not represamdtr a C++ standalone application)

for a Fisher classi er is given in Code-Exami®. The example is also available in the macro
(Sourceforge.net). These classes are C++ representations

of the information stored in the weight les. Any change irttraining parameters will generate

a new class, which must be updated in the correspondingcatipl.

For a given test event, the classi er response returned éysthndalone class is identical to the
one returned by the Reader. Nevertheless, we emphasizia¢hMVA-recommended approach
to apply the training results is via the Reader.

3.5 Which classi er should | use for my problem?

There is obviously no common answer to that question. Toagthid user, we have attempted an
assessment of various relevant classi er properties ineThbSimplicity is a virtue, but only if it is
not at the expense of discrimination power. Robustnessreghect to overtraining could become
an issue when the training sample is scarce. Some methadgiser@gore attention than others in
this regard. For example, boosted decision trees are plantig vulnerable to overtraining if used
without care. To circumvent overtraining a problem-spechdjustment of the pruning strength

At present, the class making functionality has been impteatkfor all classi ers with the exception of cut optimi-
sation, PDERS and k-NN. While for the former classi er thesccan be easily implemented into the user application,
and do not require an extra class, the implementation of@oree class for PDERS or k-NN requires a copy of the
entire analysis code, which we have not attempted so far.
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Code Example 25: Using a standalone C++ class for the classi er response iaputication (here of
the Fisher discriminant). See also the example code in (Source-
forge.net).

parameter is required.

To assess whether a linear discriminant analysis (LDA)ddnd suf cient for a classi cation
problem, the user is advised to analyse the correlationsgrttee discriminating variables by
inspecting scatter and pro le plots (it is not enough to pthre correlation coef cients, which by
de nition are linear only). Using an LDA greatly reduces tin@nmber of parameters to be adjusted
and hence allow smaller training samples. It usually is sblwith respect to generalisation to
larger data samples. For intermediate problems, the famdtiscriminant analysis (FDA) with
some selected nonlinearity may be found suf cient. It isaps useful to cross-check its perfor-
mance against several of the sophisticated nonlineari ees$o see how much can be gained
over the use of the simple and very transparent FDA.

For problems that require a high degree of optimisation dod/do form a large number of input
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CLASSIFIERS
CRITERIA Cuts Likeli- PDE- k-NN H- Fisher ANN BDT Rule- SVM
hood RS Matrix Fit
No or linear ? ?? ? ? ? ?? ?? ? ?? ?
Perfor- correlations
mance Nonlinear ?? ?? ?? ?? ?? ??
correlations
Training ?? ?? ?? ?7? ?? ? ?
Speed  pasponse 2 7 2 2 2 2?2 7 2
Robust- Overtraining ?7? ? ? ? ?7? ?7? ? ? ?7?
ness Weak variables ?7? ? ?? ?? ? ?? ? ?
Curse of dimensionality ?7? ?7? ?7? ? ? ?
Transparency ?7? ?7? ? ? ?7? ??

Table 1: Assessment of classi er properties. The symbols standHerattributes “good”¥?), “fair” (?)
and “bad” (). “Curse of dimensionality” refers to the “burden” of reged increase in training statistics
and processing time when adding more input variables. Seecalmments in text. The FDA classi er is
not represented here since its properties depend on therchasction.

variables, complex nonlinear methods like neural netwaitkes support vector machine, boosted
decision trees and/or RuleFit are more appropriate.

Very involved multi-dimensional variable correlationstlwstrong nonlinearities are usually best
mapped by the multidimensional probability density estor@such as PDERS and k-NN.

For RuleFit we emphasize that the TMVA implementation d#ffrom Friedman-Popescu's orig-

inal code P1], with (yet) slightly better robustness and out-of-the¢lprformance for the latter

version. In particular, the behaviour of the original codthwespect to nonlinear correlations and
the curse of dimensionality would have merited two star$Ve also point out that the excellent
performance for by majority linearly correlated input adofies is achieved somewhat arti cially

by adding a Fisher-like term to the RuleFit classi er (thistiue for both implementations, cf.

Sec.6.1]).

3.6 Classi er implementation status summary

All TMVA classi ers are fully operational for user analysisequiring training, testing (including
evaluation) and reading (for the nal application). Additial features are optional and — in spite
of our attempts to provide a fully transparent analysis “yeouniformly available. A status sum-
mary is given in Tabl@ and annotated below.

Individual event-weight support is now commonly realisedly missing (and not foreseen to be
provided) for the two less recommended neural networks PMIN and CFMIpANN. Ranking

2An interface to Friedman-Popescu's original code has nasnlimplemented in TMVA. See Se6.11.4
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Supports  Variable Standalone Help  Custom

Classi er Training Testing Re‘fjldmgeventweights ranking response class messages macros

Cut optimisation

Likelihood
PDERS
k-NN
H-Matrix
Fisher
FDA

MLP
TMIpANN (?)
CFMIpANN

SVM

BDT
RuleFit

(*)Not a generic TMVA classi er interface to ROOT class

Table 2: Status of the classi ers with respect to various TMVA feaisir See text for comments.

of the input variables cannot always be de ned in a stragftard manner. We are currently
working on an implementation for SVM. Classi er transpareariable ranking through perfor-
mance comparison of the classi er under successive eliimaf one input variable at a time is
forthcoming. Standalone C++ response classes (not rebwinen using the Reader application)
are generated by the majority of the classi ers. The missings for PDERS and k-NN will only
be considered on explicit request. The availability of helgssages, which assist the user with
the performance tuning and which are printed on standanpubuthen using the booking option
'H', will be completed in forthcoming releases. Finally,stam macros are provided for some
classi ers to analyse speci ¢ properties, such as the getif likelihood reference distributions
or the neural network architecture, etc. More macros carddedupon user request.
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4 Data Preprocessing

A certain number of tools are centrally available in TMVA arah be accessed by all multivariate
classi ers. For example, it is possible to preprocess tha gaor to presenting it to the classi-
ers. Preprocessing can be useful to reduce correlationsngnthe discriminating variables, to
transform their shapes, or to accelerate the response fimelassi er.

4.1 Transforming input variables

Currently two preprocessing transformations are impldetein TMVA: decorrelation via the
square-root of the covariance matrix and via a principal ponent decomposition. Technically,
any transformation of the input variables is performed “oa ty” when the event is requested
from the central class. Each classi er carries a variable transformatiqre tyogether
with a pointer to the object of its transformation class vihie owned by the . Ifno
preprocessing is requested, an identity transform is egpilhe registers the requested
transformations and takes care not to recreate an identaraformation object (if requested)
during the training phase. Hence if two classi ers wish tplgghe same transformation, a single
object is shared between them. Each classi er wittesansformation into its weight le once the
training has converged. For testing and application of sstkr, the transformation is read from
the weight le and a corresponding transformation objearsated. Here each classi er owns its
transformation so that no sharing of potentially differesahsformation objects occurs (they may
have been obtained with different training data and/or uiféerent conditions). A schematic
view of the variable transformation interface used in TM¢Adrawn in Fig8.

4.1.1 Variable decorrelation

A drawback of, for example, the projective likelihood clees(see Sec.6.2) is that it ignores
correlations among the discriminating input variablesc@gse in most realistic use cases this is
not an accurate conjecture it leads to performance los® @&lser classi ers, such as rectangular
cuts or decision trees, and even multidimensional likelthapproaches underperform in presence
of variable correlations.

Linear correlations, measured in the training sample, egtaken into account in a straightforward
manner through computing the square-root of the covariamateix. The square-root of a matrix
C is the matrixC°that multiplied with itself yieldsC: C = (C92. TMVA computes the square-

root matrix by means of diagonalising the (symmetric) caraze matrix

p

D=STCS ) c’=s DST; 4)

whereD is a diagonal matrix, and where the mat8xs symmetric. The linear decorrelation of
the input variables is then obtained by multiplying thei@ditariable tuple by the inverse of the
square-root matrix.

The transformations are performed separately for sigrdibackground events because their cor-
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IMethod DataSet
A Training/Testing Trees
Inherit A
nherits API | ReadEvent
MethodBase | AP .

» VariableTransformBase
VariableTransformBase ReadEvent
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Inherits Inherits

“cuts] - (BT PCA

‘ Decorrelation ‘

Figure 8: Schematic view of the variable transformation interfacplemented in TMVA. Each concrete

classi er derives from (which is interfaced by ), which holds a protected member
object of type . The construction of the concrete variable transformatibn
ject proceeds in according to the transformation method requested in thiemgtring. The
events used by the classi ers for training, testing and nokssi cation analysis are read via an API of
the class, which itself reads the events from the . The lIs

the current values into the reserved event addresses (#m emntent may either stem from the training
or testing trees, or is set by the user's application viathe  for the nal classi cation analysis). The

interface class ensures the proper transformation of alits\seen by the clas-
siers.

relation patterns are usually differefitThe decorrelation is complete only for linearly correlated
and Gaussian distributed variables. In real-world usesc#ss is not often the case, so that
sometimes only little additional information can be reaeekeby the decorrelation procedure. For
highly nonlinear problems the performance may even becowrsaewvith linear decorrelation.
Nonlinear classi ers without prior variable decorrelatishould be used in such cases.

4.1.2 Principal component decomposition

Principal component decomposition or principal comporaalysis (PCA) as presently applied
in TMVA is not very different from the above linear decorr@®. In common words, PCA is

a linear transformation that rotates a sample of data psinth that the maximum variability is
visible. It thus identi es the most important gradients the PCA-transformed coordinate system,
the largest variance by any projection of the data comegtorlithe rst coordinate (denoted the
rst principal componeny, the second largest variance on the second coordinatescaod. PCA
can thus be used to reduce the dimensionality of a probleitialin given by the number of
input variables) by removing dimensions with insigni cargtriance. This corresponds to keeping
lower-order principal components and ignoring highereordnes. This latter step however goes
beyond straight variable transformation as performedérptteprocessing steps discussed here (it

13pifferent transformations for signal and background eseme only useful for methods that explicitly distinguish
signal and background hypotheses. This is the case forkiéhlbod and PDERS classi ers. For all other methods the
user must choose which transformation to use.
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rather represents itself a full classi er). Hence all pipad components are retained here.

B), are obtained by the transformation

pc iy - (k)
XU;k(I) = (Xxu~(1)  Xu») VUt 8k =1;nya: (5)
-

The tuplesxy andvak) are the sample means and eigenvectors, respectively. Teepamputed

by the ROOT class . The matrix of eigenvectorsy = (v ,...,vanva’)) obeys the
relation
Cu W=Dy W; (6)

whereC is the covariance matrix of the samglg andDy is the tuple of eigenvalues. As for
the preprocessing described in S&4..], the transformations) eliminates linear correlations for
Gaussian variables.

4.2 Binary search trees

When frequent iterations over the training sample need tpdrtormed, it is helpful to sort the
sample before using it. Event sortingbimary treesis employed by the classi ers rectangular cut
optimisation, PDERS and k-NN. While the former two classs @ise the simplest possible binary
tree de nition, k-NN relies on a more performirigl-tree(cf. Ref. [g]).

Ef ciently searching for and counting events that lie iresid multidimensional volume spanned
by the discriminating input variables is accomplished with use of a binary tree search algo-
rithm [9].14 It is realised in the class , Which inherits from , and
which is also employed to grow decision trges (cf. S&&0. The amount of computing time
needed to sofl events into the tree islp] / iN=1 Ina(i) =Ino(ND " N InyN. Finding the
events within the tree which lie in a given volume is done byparing the bounds of the volume
with the coordinates of the events in the tree. Searchingréieeonce requires a CPU time that is
/ InpN, compared téd N "va without prior event sorting.

“The following is extracted from Ref1[] for a two-dimensional range search example. Consider dorarse-
guence of signal evengs(x1;X2),1 = 1;2;:::, which are to be stored in a binary tree. The rst event in thguence
becomes by de nition the topmost node of the tree. The seevrdte,(X1;x2) shall have a largex;-coordinate than
the rst event, therefore a new node is created for it and theris attached to the rst node as the right child (if the
x1-coordinate had been smaller, the node would have beconeftichild). Eventes shall have a larger:-coordinate
than eveney, it therefore should be attached to the right branch b&pwSincee; is already placed at that position,
now thex,-coordinates oé; ande; are compared, and, sineg has a largek,, es becomes the right child of the node
with evente,. The tree is sequentially lled by taking every event andjleldescending the tree, comparingxtsand
X2 coordinates with the events already in place. Whetheor x, are used for the comparison depends on the level
within the tree. On the rst levelx; is used, on the second level, on the third agaix; and so on.
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5 Optimisation and Fitting

Several classi ers (notably cut optimisation and FDA) rieg@eneral purpose parameter tting to
optimise the value of an estimator. For example, an estintatold be the sum of the deviations
of the classi er outputs from 1 for signal events and 0O forkground events, and the parameters
are adjusted so that this sum is as small as possible. Siacatious tting problems call for
dedicated solutions, TMVA has a tter base class, used bykassi ers, from which all concrete
tters inherit. The consequence of this is that the user davose whatever tter is deemed suit-
able, and can con gure it through the option string of thesslar. At present, four tters are
implemented and described below: Monte Carlo samplingulliminimisation, a Genetic Algo-
rithm, Simulated Annealing (not yet operational). They setected via the con guration option
given in Option Table3. Combinations of MC and GA with Minuit are available for FDA( b
setting a

Option Values Description

Fitter method

Converger which can be combined with MC o
GA (currently only used for FDA) to improve
nding local minima

=

Option Table 3: Con guration options for the choice of a tter. The abbretitms stand for Monte Carlo
sampling, Minuit, Genetic Algorithm, Simulated AnnealinBy setting a Converger (only Minuit is cur-
rently available) combined use of Monte Carlo sampling aniauif, and of Genetic Algorithm and Minuit
is possible. The option can be used in any classi er that requires tting. Teion

is currently only implemented in FDA. The default tter depks on the classi er (see the classi er sec-
tions). The tters and their speci ¢ options are describedhie sections below.

5.1 Monte Carlo sampling

The simplest and most straightforward, albeit inef cietting method is to randomly sample the
t parameters and choose those that optimise the estimatwe.priors used for the sampling are
uniform or Gaussian within the parameter limits. The speaion guration options for the MC
sampling are given in Option Table

For tting problems with few local minima of which one is a d¢dal minimum the performance
can be enhanced by setting the parameter to a positive value. The newly generated param-
eters are then not any more independent of the parametene pfévious samples. The random
generator will throw random values according to a Gaussrabability density with the mean
given by the currently known best value for that particulargmeter and the width in units of the
interval size given by the option . Points which are created out of the parameter's interval
are mapped back into the interval.
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Option Values Description

Monte Carlo sample size

If set to larger than zero, new points are gener-
ated according to a normal distribution around
the value currently producing the best result; the
sigma of the distribution is equal to the parame-
ter's interval size multiplied by

Seed for the random generator; for random
seeds set to0

Option Table 4: Con guration option for the Monte Carlo tter. The values/gin are the defaults.

5.2  Minuit minimisation

Minuit is the standard multivariate minimisation packaged in HEP 11]. It is conceived to
nd the minimum value of a multi-parameter estimator funcatiand to analyse the shape of the
function around the minimum (error analysis). The printigaplication of the TMVA tters is
simple minimisation, while the shape of the minimum is exelnt in most cases. The use of
Minuit is therefore not necessarily the most ef cient sauat but because it is a very robust tool
we have included it here. Minuit searches the solution atbegtrongest gradient (MIGRAD) of
the estimator until a stationary point or adgeis found. It does not attempt to search a the global
minimum, but is satis ed with local minima, as long as it istrigenti ed to be local during the
analysis of the estimator's shape around the minimum. Itiquéar, the use of MINOS may as
a side effect of an improved error analysis uncover a coevexg in a local minimum, in which
case MIGRAD minimisation is called again. In cases wherdipiallocal and/or global solutions
exist, it is preferable to us any of the other tters, whicle apeci cally designed for that type of
problems.

The con guration options for Minuit are given in Option Tatd.

5.3 Genetic Algorithm

A Genetic Algorithm is a technique to nd approximate sobus to optimisation or search prob-
lems. The problem is modeled by a groygmulatior) of abstract representationgefiomep of
possible solutionsirfdividualg. By applying means similar to processes found in bioldgiva-
lution the individuals of the population should evolve todsan optimal solution of the problem.
Processes which are usually modeled in evolutionary dlgons — of which Genetic Algorithms
are a subtype — are inheritance, mutation and “sexual reicatidon” (also termedrossovey.

Apart from the abstract representation of the solution dojreatness function must be de ned.
Its purpose is the evaluation of the goodness of an indiVidlide tness function is problem
dependent. It either returns a value representing theithdi¥s goodness or it compares two in-
dividuals and indicates which of them performs better.
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Option Values Description

Error level:0:5 = log(likelihood) , 1= 2 t

1 Output level: 1 =least, 0,+1 = most
Fit strategy:0 = fastest, 1, 2 = thoroughst
Suppress warning messages
Attempts to improve on a good local minimum
Perform MINOS error analysis
Batch mode: has the effect to suppress outpu
Maximum number of function calls

Required tolerance of the function value to the
minimum

Option Table 5: Con guration options for the Minuit tter. Values given adefaults.

The Genetic Algorithm proceeds as follows:

Initialization: A starting population is created. Its size depends on tbklpm to be solved.
Each individual belonging to the population is created ydmnly setting the parameters
of the abstract representation (variables), thus produaipoint in the solution domain of
the initial problem.

Evaluation Each individual is evaluated using the tness function.

Selection Individuals are kept or discarded as a function of theireds. Several selection
procedures are possible. The simplest one is to separatheowutorst performing fraction
of the population. Another possibility is to decide on thdiudual's survival by assigning
probabilities that depend on the individual's performanompared to the others.

Reproduction The surviving individuals are copied, mutated and crossest until the
initial population size is reached again.

Termination The evaluation, selection and reproduction steps arategeintil a maximum
number of cycles is reached or an individual satis es a maximtness criterion. The best
individual is selected and taken as solution to the problem.

The TMVA Genetic Algorithm provides controls that are sabtigh con guration options (cf.
Table6). The parameter determines the number of individuals created at each genera
tion of the Genetic Algorithm. At the initialization, all pameters of all individuals are chosen
randomly. The individuals are evaluated in terms of theiress, and each individual giving an
improvement is immediately stored.

Individuals with a good tness are selected to engender the generation. The new individuals
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Option Values Description

Stop if no tness increase by at least
occurred during previous generations

see
Number of optimisation cycles
Number of individuals in population

_ If an improvement in the tness occurred ir
- steps of a period of the last _
steps, a parameter-variation factor is multiplie
by _
- see _

o

- see _

Saves the best results from each generation
they are included in the last cycle

Saves the best n results from each cycle; they
are included in the last cycle

Trim the population to after assessing
the tness of each individual

Seed for the random generator; for random
seeds set to0

Option Table 6: Con guration options for the Genetic Algorithm. Values givare defaults. See text for
more details on the use of these options.

are created by crossover and mutated afterwards. Mutatianges some values of some param-
eters of some individuals randomly following a Gaussiarritistion function. The width of the

Gaussian can be altered by the parameter . The current width is multiplied by this
factor when within the last _ generations more than _ improvements have been
obtained. If there were _ improvements the width remains unchanged. Were there,en th
other hand, less than _ improvements, the width is divided by _ . This allows to

in uence the speed of searching through the solution domain

The cycle of evaluating the tness of the individuals of a getion and producing a new gen-
eration is repeated until the improvement of the tness itihe last has been less than

. The minimisation is then considered to have converged. Wtnde cycle from ini-
tialization over tness evaluation, selection, reprodoictand determining the improvement is
repeated times, before the Genetic Algorithm has nished.
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Option Values Description

Maximum number of minimisation calls
Temperature gradient

Use adaptive temperature

Initial temperature

Minimum temperature

Number of function loops

Minimum required improvementto continue
Number of functions to satisfy _

Option Table 7: Con guration options for Simulated Annealing. Values givare defaults.

5.4 Simulated Annealing

Simulated Annealing also aims at solving a minimisatiorbfgm with manifold discrete or con-
tinuous, local or global solutions. When rst heating andrifslowly cooling down (“annealing”)
a metal its atoms move towards a state of lowest energy, idrileudden cooling the atoms tend
to freeze in intermediate higher energy states. For ingiiteal annealing activity the system will
always converge in its global energy minimum (see, e.g., R€). This physical principle can
be simulated to achieve slow, but correct convergence ofpéimsation problem with multiple
solutions. Recovery out of local minima is achieved by assig the probability 13]

E
p( E)/ exp - ; (7)
to a perturbation of the parameters leading to a shit in the energy of the system. The prob-
ability of such perturbations to occur decreases with the sf a positive energy coef cient of
the perturbation, and with the ambient temperatiire The TMVA implementation of Simulated
Annealing uses adaptive adjustment of the perturbatiortemgerature gradients.

The con guration options for the Simulated Annealing ttere given in Option Tabl&.

Although the Simulated Annealing algorithm is technicéligctional, it has not yet been opti-
mised so that its use is depreciated until further notice!

5.5 Combined tters

For classi ers such as FDA, where parameters of a discritiindunction are adjusted to achieve
optimal classi cation performance (cf. Se&7), the user can choose to combine Minuit parameter
tting with Monte Carlo sampling or a Genetic Algorithm. Whithe strength of Minuit is to fast
locate a nearby local minimum, it may leave out a better dlatiaimum. When several local
minima exist for a problem, Minuit will nd different ones gending on the starting values for
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the t parameters. When combining Minuit with Monte Carlavgaling or a Genetic Algorithm,
Minuit uses starting values generated by these methodssulisequent ts then converge in local
minima. Such a combination is usually more ef cient then theeontrolled sampling used in
Monte Carlo techniques. When combined with a Genetic Atgorithe user can bene t from the
advantages of both methods: the Genetic Algorithm to rquigidate the global minimum, and
Minuit to nd an accurate solution for it.

The con guration options for the combined t methods are thelusive sum of all the individual

tter options. It is recommended to use Minuit in the batchde@nd without MINOS to prevent
TMVA from ooding the output with Minuit messages which castrbe turned off, and to speed
up the individual ts.




38

6 The TMVA Classi ers

All TMVA classifying methods inherit from , which implements basic functionality
like the interpretation of common con guration options ¢huas normalisation, variable trans-
formation, output types, etc.), the interaction with theriing and test data sets, I/O operations
and common performance evaluation calculus. The funditgremch classi er is required to im-
plement is de ned in the abstract interface 15 Each classi er provides a function that
creates a rank object (of type ), which is an ordered list of the input variables prioritize
according to criteria speci c to that classi er. Also praldd are brief classi er-speci ¢ help notes
(option , switched off by default) with information on the adequasage of the classi er and
performance optimisation in case of unsatisfying results.

If the option is set TMVA creates signal and background PDFs from the €orre
sponding classi er response distributions using the trgjrsample (cf. Sec3.1.5. The binning
and smoothing properties of the underlying histograms a@wrustomized via controls imple-
mented in (so that they are common to all classi ers). They are sumsedriin
Option Table8.

The following sections describe the classi ers implemédriteTMVA. For each classi er we pro-
ceed according to the following scheme&). g brief introduction, i{ ) the description of the booking
options required to con gure the classi etliji() a description of the the classi er and TMVA im-
plementation speci cations,i\) the properties of the variable ranking, and & few comments
on performance, favourable (and disfavoured) use casds;anparisons with other classi ers.

6.1 Rectangular cut optimisation

The simplest and most common classi er for selecting signahts from a mixed sample of signal
and background events is the application of an ensembletfrgular cuts on discriminating vari-
ables. Unlike all other classi ers in TMVA, the cut classt enly returns a binary response (signal
or background}® The optimisation of cuts performed by TMVA maximises theKggound re-
jection at given signal ef ciency, and scans over the fuliga of the latter quantity. Dedicated
analysis optimisation for which, e.g., the sigisagni cance is maximised requires the expected
signal and background vyields to be known before applyingctits. This is not the case for a
multi-purpose discrimination and hence not used by TMVAwewer, the cut ensemble leading to
maximum signi cance corresponds to a particular workingnpon the ef ciency curve, and can

5Two constructors are implemented for each classi er: o theates the classi er for a rst time for training with
a con guration (“option”) string among the arguments, ambther that recreates a classi er from an existing weight

le. The use of the rst constructor is demonstrated in theueple macro , while the second one is
employed by the Reader in . Other functions implemented by each classi erare:  (called for
training), (I/O of speci c training results), (addi-
tional speci ¢ information for monitoring purposes) and (variable ranking).

18Note that cut optimisation is not multivariate analyser method but a sequence of univariate ones, because n
combination of the variables is achieved. Neither does auouine variable depend on the value of another variable
(like it is the case for Decision Trees), nor can a, say, bamkyl-like value of one variable in a signal event be
counterweighed by signal-like values of the other varigifli&e it is the case for the likelihood method).
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Option Values Description

Normalise all the input variables to lie
within the interval[0; 1]

Transformation method for input vari-
ables

Data type used to derive variable
transformation

Minimum verbosity level

Verbose ag, if setto the minimum
verbosity level is

Prints help message with speci ¢ infor-
mation about the classi er's use and mis
use, and provides hints for optimisation

Create PDFs for classi er outputs; thig
option must be set true if the Rarity dis
tribution is requested (see S&cl.9

Number of bins in histograms used to
build the classi er PDFs

Number of smoothing iterations

Option Table 8: Con guration options common to all classi ers (but whichrche controlled individually
for each classi er). Values given are defaults. If prededreategories exist, the default category is marked
by a' '. The lower options in the table control the PDF tting of tiekassi ers.

hence be easily derived after the cut optimisation scan dvageeged.’

TMVA cut optimisation is performed with the use of multivaieé parameter tters interfaced by
the class (cf. Sec5). Any tter implementation can be used, where however beeau
of the peculiar, non-unique solution space only Monte Csalmpling and the Genetic Algorithm
show satisfying results. Attempts to use Minuit (SIMPLEXMIGRAD) have not shown satis-
factory results, with frequently failing ts.

17 Assuming a Iarge enough number of events so that Gausstestistds applicable, the signi cance for a signal is
given byS = "sNs= "sNs + "s("s)Ns, where"s(g) andNs g are the signal and background ef ciencies for a cut
ensemble and the event yields before applying the cutsecésgply. The background ef ciencys is expressed as a
function of"s using the TMVA evaluation curve obtained form the test datagle. The maximum signi cance is then
found at the root of the derivative

" 2("sNs + "5 ("s)Na )*™ ’

which depends on the problem.




6.1 Rectangular cut optimisation 40

The training events are sortedbimary treegprior to the optimisation, which signi cantly reduces
the computing time required to determine the number of eveassing a given cut ensemble (cf.
Sec4.2).

6.1.1 Booking options

The rectangular cut optimisation is booked through thedfgatia the command:

Code Example 26: Booking of the cut optimisation classi er: the rst argumieis a prede ned enu-
merator, the second argument is a user-de ned string igdgnénd the third argument is the con guration
options string. Individual options are separated by a 'deS&ec3.1.4for more information on the booking.

The con guration options for the various cut optimisati@thiniques are given in Option Talfle

Option Values Description

Optimisation method
Selection method

—

Variable properties that can be used to injeq
prior information on cut boundaries per vari-
able ;if noindex is given, the selection
applies to all variables

1 Minimum of allowed cut range for variable
; if no index is given, the value applies
to all variables

1 Maximum of allowed cut range for vari-
able (see above); if
, the natural ranges of the in-
put variables are used as cut ranges

Option Table 9: Con guration options for cut optimisation. Values givereadefaults. If prede ned
categories exist, the default category is marked by .aThe options in Table8 as well as the individual
tter options given in TablesA—7 on pages33-36 can also be con gured. Minuit minimisation is not
considered in the option because it is ineffective to solve the cut optim@atroblem.

6.1.2 Description and implementation

The cut optimisation analysis proceeds by rst buildingdiyn search trees for signal and back-
ground. For each variable, statistical properties like meaot-mean-squared (RMS), variable
ranges are computed to guide the search for optimal cuts.o@imhisation requires an estima-
tor that quanti es the goodness of a given cut ensemble. Miskng this estimator minimises
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(maximises) the background ef cienclg (background rejectiong =1 "g) for each signal
ef ciency "s

All optimisation methods ( tters) act on the assumptionttbae minimum and one maximum
requirement on each variable is suf cient to optimally distnate signal from background (i.e.,
the signal is clustered). If this is not the case, the vagmiphust be transformed prior to the cut
optimisation to make them compliant with this assumption.

For a given cut ensemble the signal and background ef cemnare derived by counting the train-
ing events that pass the cuts and dividing the numbers foyrttieboriginal sample sizes. The
resulting ef ciencies are therefore rational numbers that exhibit visible discontinuities when
the number of training events is small and an ef ciency ik@itvery small or very large. Another
way to compute ef ciencies is to parametrise the probapitiensity functions of all input vari-
ables and to thus achieve continuous ef ciencies for anyalute. Note however that this method
expects the input variables to be uncorrelated! Nonvamishorrelations would lead to incorrect
ef ciency estimates and hence to underperforming cuts. flleemethods are chosen with the
option setto and , respectively.

Monte Carlo sampling

Each generated cut sample corresponds to a point irf"theg ) plane. The's dimension is

( nely) binned and a cut sample is retained ifits value is larger than the value already contained
in that bin. This way a reasonably smooth ef ciency curve barobtained if the number of input
variables is not too large (the required number of MC samgites/s with powers o2ny).

Prior information on the variable distributions can be umegduce the number of cuts that need to
be sampled. For example, if a discriminating variable fefidsaussian distributions for signal and
background, with equal width but a larger mean value for #iekround distribution, there is no
useful minimum requirement (other thain ) so that a single maximum requirement is suf cient
for this variable. To instruct TMVA to remove obsolete ragments, the option

must be used, where indicates the counter of the variable (following the ordewihich they
have been registered with the Factory, beginning with 0)trbesset to either or

TMVA is capable of automatically detecting which of the regments should be removed. Use
the option (where again  must be replaced by the appropriate variable
counter, beginning with 0). Note that in many realistic uases the mean values between signal
and background of a variable are indeed distinct, but thkdraand can have large tails. In such
a case, the removal of a requirement is inappropriate, andiddead to underperforming cuts.

Genetic Algorithm

Genetic Algorithm (cf. Secs.3) is a technique to nd approximate solutions to optimisatiar
search problems. Apart from the abstract representatitimecgolution domain, daness function
must be de ned. In cut optimisation, the tness of a rectaageut is given by good background
rejection combined with high signal ef ciency.

At the initialization step, all parameters of all individsgcut ensembles) are chosen randomly.
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The individuals are evaluated in terms of their backgrowjelation and signal ef ciency. Each cut
ensemble giving an improvement in the background rejedtioa speci ¢ signal ef ciency bin is
immediately stored. Each individual's tness is assessdikre the tness is largely determined
by the difference of the best found background rejectiorafearticular bin of signal ef ciency and
the value produced by the current individual. The same iddal that has at one generation a very
good tness will have only average tness at the followingngeation. This forces the algorithm
to focus on the region where the potential of improvemerntiésttighest. Individuals with a good
tness are selected to produce the next generation. The ngéwiduals are created by crossover
and mutated afterwards. Mutation changes some values af panameters of some individuals
randomly following a Gaussian distribution function, eitis process can be controlled with the
parameters listed in Option Talepage6.

Simulated Annealing

Not further considered here, since not yet suf ciently perfing, cf. Sec5.4.

6.1.3 Variable ranking

The present implementation of Cuts does not provide a rgnidithe input variables.

6.1.4 Performance

The Genetic Algorithm currently provides the best cut ojgation convergence. However, it is
found that with rising number of discriminating input vdries the goodness of the solution found
(and hence the smoothness of the background-rejectiosasssignal ef ciency plot) deteriorates
quickly. Rectangular cut optimisation should thereforeréduced to the variables that have the
largest discriminating power.

If variables with excellent signal from background separaexist, applying cuts can be quite
competitive with more involved classi ers. Cuts are knowrunderperform in presence of strong
nonlinear correlations and/or if several weakly discriating variables are used. In the latter case,
a true multivariate combination of the information will bewarding.

6.2 Projective likelihood estimator (PDE approach)

The method of maximum likelihood consists of building a nmauie of probability density func-
tions (PDF) that reproduces the input variables for sigmal background. For a given event,
the likelihood for being of signal type is obtained by multipg the signal probability densities
of all input variables, and normalising this by the sum of signal and background likelihoods.
Correlations among the variables are ignored.

6.2.1 Booking options

The likelihood classi er is booked via the command:
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Code Example 27: Booking of the (projective) likelihood classi er: the rsirgument is the prede ned
enumerator, the second argument is a user-de ned stringiide and the third argument is the con gu-
ration options string. Individual options are separate@lyy See Sec3.1.4for more information on the
booking.

The likelihood con guration options are given in Option TalO.

6.2.2 Description and implementation

The likelihood ratioy, (i) for eventi is de ned by

o Ls(i)
yL(i) = m ; 9)
where
. mar .
L) (i) = Ps):k (Xk (1)) ; (10)
k=1

and wherepg gk is the signal (background) PDF for tik¢h input variablexx. The PDFs are

normalised
71

Pse)k(Xk)dxk =1;  8k: (11)
1

It can be shown that in absence of model inaccuracies (suchresations between input vari-
ables not removed by the decorrelation procedure, or acimate probability density model), the
ratio (9) provides optimal signal from background separation ferglven set of input variables.

Since the parametric form of the PDFs is generally unknote RDF shapes are empirically ap-
proximated from the training data by nonparametric fumjonvhich can be choosen individually
for each variable and are either polynomial splines of weridegrees tted to histograms or un-
binned kernel density estimators (KDE), as discussed below

A certain number of primary validations are performed dyrihe PDF creation, the results of
which are printed to standard output. Among these are theutation of a 2 estimator between
all nonzero bins of the original histogram and its PDF, and@marison of the number of out-
liers (in sigmas) found in the original histogram with resip® the (smoothed) PDF shape, with
the statistically expected one. The delity of the PDF estiencan be also inspected visually by
executing the macro (cf. Table2).

Nonparametric PDF parameterisation using spline function S

Polynomial splines are tted to binned histograms accagydimthe following procedure.
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Option Values Description

The method of intperolating the reference
histograms: either by using the unbinned
kernel density estimator (KDE) or various
degrees of spline functions (onte that cur
rently the KDE characteristics cannot bd
changed individually but apply to all vari-
ables that select KDE)

Number of smoothing iterations for the input
histograms

Same as above per reference histogram fpr
signal input variables; if no index given the
setting applies to all signal input histograms
if setto -1, is used

Same as above per reference histogram for
backgr. input variables

Average number of events per bin in each
reference histogram (to allow an adaptive
number of bins)

Same as above per reference histogram fpr
signal input variables; (if no index given the
setting applies to all signal reference hist
tograms; if set to -1, is used

Same as above per reference histogram for
backgr. input variables

KDE kernel type (currently only Gauss)

Nonadaptive or adaptive number of itera
tions (see text)

Finetuning factor for the adaptive KDE

Method for correcting boundary/borde
effects

Transform likelihood output by inverse sig-
moid function

Option Table 10: Likelihood con guration options. Values given are defsulif prede ned categories
exist, the default category is marked by a 'The upper section describes the options for the spline in-
terpolation and smoothing of histograms, while the lowetisa con gures the unbinned kernel density
estimators. Some of the options, marked by ", can be individually set for each input variable. The
options in Option Tabl@ can also be con gured.
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1. For each input variable, a histogram is lled with the niag data. The upper and lower
bounds of the histogram coincide with the limits found in daga (or they are equal to [0,1]
if the input variables are normalised). The (equidistaitimg is chosen so that the average

number of entries per bin corresponds to the number ( ) de ned in the option
string.
2. The histogram is smoothed times using , Which is an im-

plementation of the algorithm 353QH twic&4]. The appropriate number of smoothing
iterations depends on the shape of the histogram. Sincetbimgdends to even out all
structures from the histogram, narrow structures (e.gkgesupport less smoothing than
broad ones.

3. The smoothed histogram is used to construct an objecedfl#ss , where it is cloned
and the bins are tto polynomial interpolation functionsplines — derivatives of the ROOT
class ). The available splines are: degree 0 (the original histwgis kept), which
is useful for discrete variables; degree 1 (linear), 2 (gatéc), 3 (cubic) and degree 5.
Splines of degree two or above render the PDF continuous iffiedetitiable in all points
excluding the interval borders, which in turn ensures thmesaroperty for the likelihood
ratio (9). Since cubic (and higher) splines equalize the rst andedcderivatives at the
spline transitions, the resulting curves, although matterally smooth, can wiggle in quite
unexpected ways. Furthermore, there is no local contrdi@pline: moving one control
point (bin) causes the entire curve to change, not just tienaear the control point. To
ensure a safe interpolation, quadratic splines are usedfaylitd

4. To speed up the numerical access to the probability desisibhe spline functions are stored
into a nely binned (L0* bins) histogram, where adjacent bins are interpolated fyean
function. Only after this step, the PDF is normalised acicgydo (11).

Nonparametric PDF parameterisation using kernel density e stimators

Another type of nonparametric approximation of the PDFsclsieved with kernel density esti-
mators (KDE). As opposed to splines KDEs are obtained frobirured data. The idea of the
approach is to estimate the shape of a PDF by the sumsmrearedraining events. One then
nds for a PDFp(x) of a variablex [15]

1 X X X 1 X _
p(x) = Nh . K h N . Kh(x  Xi); (12)

whereN is the number of training event&,, (t) = K (t=h)=his the kernel function, anld is the
bandwidthof the kernel (also termed tlmnoothing parametgr Currently, only a Gaussian form
of K is implemented, where the exact form of the kernel functe®nfiminor relevance for the
quality of the shape estimation. More important is the ohaitthe bandwidth.

The KDE smoothing can be applied in either nonadaptive (NAgdaptive form (A), the choice
of which is controlled by the option . In the nonadaptive case the bandwibfp is kept
constant for the entire training sample. As optimal bandlwiin be taken the one that minimizes
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theasymptotic mean integrated square er&MISE). For the case of a Gaussian kernel function

this leads to 15]
1=5

N (13)

Wl b

hna =
where  is the RMS of the variabl&.

The so calledsample point adaptivenethod uses as input the result of the nonadaptive KDE,
but also takes into account the local event density. Thetagapandwidthhs then becomes a
function ofp(x) [15]

ha(x)= poNA_ . (14)

p(x)

The adaptive approach improves the shape estimation innmegyith low event density. On the
contrary, in regions with high event density it can give tiséover-smoothing” of ne structures
such as narrow peaks. The degree of smoothing can be tunedltiglying the bandwidthta (x)
with the user-speci ed factor

For practical reasons, the KDE implementation in TMVA difessomewhat form the procedure
described above. Instead of using the unbinned training, da¢ly-binned histograms are used
as inputs, which allows to speed up the algorithm. In a sesteyl a class object is
created where the calculation of the bandwiliy is performed. If the algorithm is run in the
adaptive mode the nonadaptive step is also performed anoutpet is used to computes (X)

for the adaptive part. In a third step, a smoothed histogrstimating the PDF shape is lled by
looping over the binned input histogram and summing up tmedtdunctions. Herdiya is used

for the nonadaptive mode ariigh (x) for the adaptive mode. Finally, the smoothed histogram is
used to construct a class object.

Both the nonadaptive and the adaptive methods can suffer thie so-calledoundary problem

It occurs for instance if the original distribution is nonaéoelow a physical boundary value and
zero above. This property cannot be reproduced by the KDEeglire. In general, the stronger
the discontinuity the more acute is the boundary problemVAMrovides three options under the
term that allow to treat boundary problems.

No boundary treatment is performed. The consequence ishbse to the boundary the
KDE result will be inaccurate: below the boundary it will wrdstimate the PDF while it
will not drop to zero above. In TMVA the PDF resulting from KO&in fact a ( nely-
binned) histogram, with bounds equal to the minimum and tleimum values of the
original distribution. Hence, the boundary value will bela edge of the PDF (histogram),
and a drop of the PDF due to the closeness of the boundary cabdeeved (while the
arti cial enhancement beyond the boundary will fall outsidf the histogram). In other
words, for training events that are close to the boundaryestraction of the probability

“ ows” outside the histogram (probabilityeakagé. As a consequence, the integral of the
kernel function inside the histogram borders is smallen thae.

The probability leakage is compensated by renormalisintp@kernel function so that the
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Figure 9: Transformation15) of the likelihood output.

integral inside the histogram borders is equal to one.

The original distribution is “mirrored” around the boungaffo the events originating from

this mirror copy the same procedure is applied as for the@r@ignes: each of them is

smeared by a kernel function and its contribution insidehiseogram (PDF) boundaries is

added to the PDF. The mirror copy exactly compensates thmpiliy leakage.
Transforming the likelihood output

If a data-mining problem offers a large number of input Jalea, or variables with excellent
separation power, the likelihood respongeis often strongly peaked at 0 (background) and 1
(signal). Such a response is inconvenient for the use iresuient analysis steps. TMVA therefore
allows to transform the likelihood output by an inverse sigpifunction that zooms into the peaks

@t yliy= tmlmyt o1 (15)

where =15 is used. Note that? (i) is no longer contained withi[®; 1] (see Fig9). The trans-
formation (L5) is enabled (disabled) with the booking option

6.2.3 Variable ranking

The present likelihood implementation does not providenkirey of the input variables.

6.2.4 Performance

Both the training and the application of the likelihood siesr are very fast operations that are
suitable for large data sets.

The performance of the classi er relies on the accuracy efltkelihood model. Because high
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delity PDF estimates are mandatory, suf cient trainingsstics is required to populate the tails
of the distributions. The neglect of correlations betwagput variables in the model (), often
leads to a diminution of the discrimination performance. iVlinear Gaussian correlations can
be rotated away (see Setl), such an ideal situation is rarely given. Positive cotietes lead
to peaks at botly. ! 0;1. Correlations can be reduced by categorizing the data ssnapid
building an independent likelihood classi er for each ewveategory. Such categories could be
geometrical regions in the detector, kinematic propergés In spite of this, realistic applications
with a large number of input variables are often plagued wdincible correlations, so that pro-
jective likelihood approaches like the one discussed herenaderperforming. This nding lead
to the development of the many alternative classi ers tix@ten statistical theory today.

6.3 Multidimensional likelihood estimator (PDE range-sea rch approach)

This is a generalization of the projective likelihood classdescribed in Sec6.2to ny,r dimen-
sions, where,,, is the number of input variables used. If the multidimenald?DF for signal and
background were known, this classi er would exploit thel information contained in the input
variables, and would hence be optimal. In practice howdwaye training samples are necessary
to suf ciently populate the multidimensional phase sp&té&ernel estimation methods may be
used to approximate the shape of the PDF for nite trainiragistics.

A simple probability density estimator denotB®E range searchor PDERS has been suggested
in Ref. [L0]. The PDE for a given test event (discriminant) is obtaingdcbunting the (nor-
malised) number of signal and background (training) evtrasoccur in the "vicinity” of the test
event. The classi cation of the test event may then be cotadlion the basis of the majority of the
nearest training events. Thg,-dimensional volume that encloses the "vicinity” is userrgkd
and can be adaptive. A search method based on sorted bieasyitrused to reduce the computing
time for the range search. To enhance the sensitivity witiérnvolume, kernel functions are used
to weight the reference events according to their distarma the test event. PDERS is a variant
of the k-nearest neighbour classi er described in $ed.

6.3.1 Booking options

The PDERS classi er is booked via the command:

Code Example 28: Booking of PDERS: the rst argument is a prede ned enumeratte second argu-
ment is a user-de ned string identi er, and the third argurhis the con guration options string. Individual
options are separated by a':'. See Séd..4for more information on the booking.

The con guration options for the PDERS classi er are givarQption Tablell

8Due to correlations between the input variables, only aspase of the full phase space may be populated.
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Option Values Description

De nition of the volume reference

Volume size: multiplies MinMax or
RMS

Minimum number of events required in
adaptive volume

Maximum number of events required in
adaptive volume

Maximum number of iterations for the
adaptive volume search

Initial size of adaptive volume (com-
pared to full volume spanned by data)

Kernel estimator function

Width (w.r.t. to volume size) of Gaus-
sian kernel estimator

Option Table 11: PDERS con guration options. Values given are defaults.réde ned categories exist,
the default category is marked by d.' The options in Option Tabl8 can also be con gured.

6.3.2 Description and implementation

To classify an event as being either of signal or of backgidype, alocal estimate of the proba-

bility density of it belonging to either class is computedieTmethod of PDERS provides such an
estimate by de ning a volume\W) around the test evenit)( and by counting the number of signal
(ns(i; V)) and background eventag (i;V )) obtained from the training sample in that volume.

The ratio
1

ypoerdi; V) = m (16)

is taken as the estimate, whei@ V) = (ng (i;V)=Ng) (Ns=ns(i;V)), andNgg) is the total
number of signal (background) events in the training samhe estimatoypperdi; V ) peaks at
1 (0) for signal (background) events. The counting methaaayes over the PDF withivi, and
hence ignores the available shape information inside (atslde) that volume.

Binary tree search

Ef ciently searching for and counting the events that liside the volume is accomplished with
the use of an,-variable binary tree search algorith®j [cf. Sec.4.2).
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Choosing a volume

The TMVA implementation of PDERS optionally provides foufferent volume de nitions:

The simplest volume de nition consisting of a rigid box ofsi , in units of the
variables. This method was the one originally used by theldgers of PDERSI[0].

The volume is de ned in each dimension (i.e., input varialith respect to the full range
of values found for that dimension in the training samplee Tiaction of this volume used
for the range search is de ned by the option

The volume is de ned in each dimension with respect to the Rifithat dimension (input
variable), estimated from the training sample. The fractibthis volume used for the range
search is de ned by the option

A volume is de ned in each dimension with respect to the RMShait dimension, esti-

mated from the training sample. The overall scale of themelus adjusted individually

for each test event such that the total number of events @thin the volume lies within a

user-de ned range (options ). The adjustment is performed by the class
, which is a C++ implementation of Brent's algorithm (traatsld from the

CERNLIB function RZERO). The maximum initial volume (fréam of the RMS) and the

maximum number of iterations for the root nding is set by thgtions

and , respectively. The requirement to collect a certain nuntbevents

in the volume automatically leads to small volume sizes riorgly populated phase space

regions, and enlarged volumes in areas where the populatgmarce.

Although the adaptive volume adjustment is more exible amduld perform better, it signif-
icantly increases the computing time of the PDERS disci@min If found too slow, one can
reduce the number of necessary iterations by choosing erlarg interval.

Event weighting with kernel functions

One of the shortcomings of the original PDERS implementai®its sensitivity to the exact
location of the sampling volume boundaries: an in nitesirmlaange in the boundary placement
can include or exclude a training event, thus changifigv ) by a nite amount®® In addition,
the shape information within the volume is ignored.

Kernel functions mitigate these problems by weighting eaant within the volume as a function
of its distance to the test event. The farer it is away, thdlsmia its weight. The following kernel
functions are implemented in TMVA, and can be selected vhighdption

1such an introduction of artefacts by having sharp boundani¢he sampled space is an example of Gibbs's phe-
nomenon, and is commonly referred toramging or aliasing
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Figure 10: Kernel functions (left: Gaussian, right: Teepee) used tmltehe events that are found inside
the reference volume of a test event.

Corresponds to the original rectangular volume elemeittomitapplication of event weights.

A hyperelliptic volume element is used without applicatmfrevent weights. The hyperel-
lipsoid corresponds to a sphere of constant fraction inthe  or metrics. The size
of the sphere can be chosen adaptive, just as for the re¢danglume.

The simplest linear interpolation that eliminates the aiitimuity problem of the box. The
training events are given a weight that decreases linedtlytheir distance from the centre
of the volume (the position of the test event). In other worttiese events are convolved
with the triangle or tent function, becoming a sort of teejpemultidimensions.

The simplest well behaved convolution kernel. The widthhaf Gaussian (fraction of the
volume size) can be set by the option

Other methods implemented for test purposes are “Sinc” aadczos” functiond sinx=x of
different (symmetric) orders. They exhibit strong peaksasib and oscillating tails. The Gaussian
and Teepee kernel functions are shown in Eig.

6.3.3 Variable ranking

The present implementation of Likelihood does not providarking of the input variables.

6.3.4 Performance

As opposed to many of the more sophisticated data-miningoappes, which tend to present the
user with a "black box”, PDERS is simple enough that the dligor can be easily traced and
tuned by hand. PDERS can yield competitive performanceefrthmber of input variables is
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not too large and the statistics of the training sample islamm particular, it naturally deals
with complex nonlinear variable correlations, the repudiatun of which may, for example, require
involved neural network architectures.

PDERS is a slowly responding classi er. Only the training, ithe fabrication of the binary tree is
fast, which is usually not the critical part. The necesgitgtore the entire binary tree in memory
to avoid accessing virtual memory limits the number of tragrevents that can effectively be used
to model the multidimensional PDF. This is not the case ferdther classi ers implemented in
TMVA (with some exception for Boosted Decision Trees).

6.4 k-Nearest Neighbour (k-NN) Classi er

Similar to PDERS (cf. Sed®.3), the k-nearest neighbour method compares an observell (tes
event to reference events from a training data $gt However, unlike PDERS, which in its
original form uses a xed-sized multidimensional volumearsunding the test event, and in its
augmented form resizes the volume as a function of the loata density, the k-NN algorithm

is intrinsically adaptive. It searches for a xed number djacent events, which then de ne a
volume for the metric used. The k-NN classi er has best penince when the boundary that
separates signal and background events has irregulardedhat cannot be easily approximated
by parametric learning methods.

6.4.1 Booking options

The k-NN classi er is booked via the command:

Code Example 29: Booking of the k-NN classi er: the rst argument is a predeed enumerator, the
second argument is a user-de ned string identi er, and thiedtargument is the con guration options
string. Individual options are separated by a ":'. See Set.4for more information on the booking.

The con guration options for the k-NN classi er are listed Option Tablel3 (see also Sed).

6.4.2 Description and implementation

The k-NN algorithm searches férevents that are closest to the test event. Closeness ibyhere
measured using a metric function. The simplest metric ehisithe Euclidean distance

N

Wvar
R= i i (17)
i=1
wheren,,, is the number of input variables used for the classi catinnare coordinates of an
event from a training sample arnyl are variables of an observed test event. Khevents with
the smallest values @& are thek-nearest neighboursThe value otk determines the size of the
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Option Values Description

Number of k-nearest neighbours
Binary tree optimization depth
Fraction of events used for scaling
Use polynomial kernel weight

Use equal number of signal and background events

Option Table 12: Con guration options for the k-NN method. Values given asfaillts. If prede ned cat-
egories exist, the default category is marked by'aThe options in Option Tabl& can also be con gured.

neighbourhood for which a probability density function iskiated. Large values d¢f do not
capture the local behavior of the probability density fimtt On the other hand, small values
of k cause statistical uctuations in the probability densistimate. A case study with real data
suggests that values &fbetween 10 and 100 are appropriate and result in similasictation
performance when the training sample contains hundredsagands of events (amng;, is of the
order of a few variables).

The classi cation algorithm nds k-nearest training eve@iround a query point
k=ks+ kg ; (18)

wherekgg) is number of the signal (background) events in the trainimgge. The relative
probability that the test event is of signal type is given by

_ ks _ ks,
T ks+ kg k

The choice of the metric governs the performance of the seaggghbour algorithm. When input
variables have different units a variable that has a widstridution contributes with a greater
weight to the Euclidean metric. This feature is compensatedescaling the variables using a
scaling fraction determined by the option . Rescaling can be turned off by setting
to 0. The scaling factor applied to variaklés determined by the widthv; of the
X; distribution for the combined sample of signal and backgdbavents:w; is the interval that
contains the fraction of xj training values. The input variables are then rescaled by
1=w:, leading to the rescaled metric

Ps (29)

N

xdoq "
Rrescaled = WJXi Vil : (20)
=1

Figure11shows an example of event classi cation with the k-nearegjhbour algorithn?®

2The number of training events shown has been greatly redodgédstrate the principle of the algorithm. In a real
application a typical k-NN training sample should be ample.
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Figure 11: Example for the k-nearest neighbour algorithm in a thremedisional space (i.e., for three
discriminating input variables). The three plots are prtgas upon the two-dimensional coordinate planes.
The full (open) circles are the signal (background) evefiise k-NN algorithm searches for 20 nearest
points in thenearest neighborhoogtircle) of the query event, shown as a star. The neareshberhood
counts 13 signal and 7 background points so that query evaynti classi ed as a signal candidate.

The output of the k-nearest neighbour algorithm can bepné¢ed as a probability that an event
is of signal type, if the numbers (better. sum of event weijbf signal and background events in
the training sample are equal. This can be enforced via the option. If set training events of
the overabundant type are randomly removed until paritglsexed.

Like (more or less) all TMVA classi ers, the k-nearest ndighir estimate suffers from statistical
uctuations in the training data. The typically high var@nof the k-NN response is mitigated
by adding a weight function that depends smoothly on thedist from a test event. The current
k-NN implementation uses a polynomial kernel
L33 i .
W (x) = @ j xj°)°  ifjxj <.1, 21)
0 otherwise:

If Rk is the distance between the test event andthaneighbour, the events are weighted accord-
ing to the formula:
kg(®) R
Wsg) = | W R_:( ;
i=1
whereksg) is number of the signal (background) events in the neigttimmd. The weighted
signal probability for the test event is then given by

(22)

Ws

Pg= -5
S Ws + Wp

(23)
The kernel use is switched on/off by the option

6.4.3 Ranking

The present implementation of k-NN does not provide a rankiithe input variables.
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6.4.4 Performance

The simplest implementation of the k-NN algorithm wouldrstall training events in an array. The
classi cation would then be performed by looping over atired events and nding the k-nearest
neighbours. As discussed in Séc2, such an implementation is impractical for large training
samples. The k-NN algorithm therefore usdglareestructure ] that signi cantly improves the
performance.

The TMVA implementation of the k-NN method is reasonablyt tasallow classi cation of large
data sets. In particular, it is faster than the adaptive PBERthod (cf. Sed6.3). Note that
the k-NN method is not appropriate for problems where the memof input variables exceeds
Nvar & 10. The neighbourood sizZ& depends om,, and the size of the training sample as

R/ B (24)

A large training set allows the algorithm to probe smalllsdaatures that distinguish signal and
background events.

6.5 H-Matrix discriminant

The origins of the H-Matrix approach dates back to works ehEr and Mahalanobis in the context
of Gaussian classi erslfg, 17]. It discriminates one class (signal) of a feature vectomfianother
(background). The correlated elements of the vector awenaesd to be Gaussian distributed, and
the inverse of the covariance matrix is tHeMatrix. A multivariate 2 estimator is built that
exploits differences in the mean values of the vector elésnbatween the two classes for the
purpose of discrimination.

The H-Matrix classi er as it is implemented in TMVA is equal less performing than the Fisher
discriminant (see Seé.6), and has been only included for completeness.
6.5.1 Booking options

The H-Matrix discriminant is booked via the command:

Code Example 30: Booking of the H-Matrix classi er: the rst argument is a gte ned enumerator,
the second argument is a user-de ned string identi er, drthird argument is the con guration options
string. Individual options are separated by a ":'. See Set.4for more information on the booking.

No con guration options in addition to those described intiop Table8 are implemented for the
H-Matrix classi er.
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6.5.2 Description and implementation

For an event, each one 2 estimator (:%,(B)) is computed for signalS) and backgroundR),
using estimates for the sample meaxig g).c) and covariance matrice€§g)) obtained from

the training data
Rvar

5@ = k(i) Xug) Cuie (1) Xu;) ; (25)
k; =1
whereU = S;B. From this, the discriminant
gGi) (@)
2 SL; 26
2+ 20) (25)

is computed to discriminate between the signal and backgrolasses.

yh (i) =

6.5.3 Variable ranking

The present implementation of the H-Matrix discriminaneslmot provide a ranking of the input
variables.

6.5.4 Performance

The TMVA implementation of the H-Matrix classi er has beemosvn to underperform in com-
parison with the corresponding Fisher discriminant (ct.$e5), when using similar assumptions
and complexity. It is therefore depreciated.

6.6 Fisher discriminants (linear discriminant analysis)

In the method of Fisher discriminant$g] event selection is performed in a transformed variable
space with zero linear correlations, by distinguishingrttean values of the signal and background
distributions. The linear discriminant analysis detemsimn axis in the (correlated) hyperspace
of the input variables such that, when projecting the ougtagses (signal and background) upon
this axis, they are pushed as far as possible away from ebeh @thile events of a same class are
con ned in a close vicinity. The linearity property of thisassi er is re ected in the metric with
which "far apart” and "close vicinity” are determined: thevariance matrix of the discriminating
variable space.

6.6.1 Booking options

The Fisher discriminant is booked via the command:

Code Example 31: Booking of the Fisher discriminant: the rst argument is @&g@e ned enumerator,
the second argument is a user-de ned string identi er, drthird argument is the con guration options
string. Individual options are separated by a ":'. See Set.4for more information on the booking.




6.6 Fisher discriminants (linear discriminant analysis) 57

The con guration options for the Fisher discriminant areggi in Option Tablel3.

Option Values Description

Variations of linear discriminants

Option Table 13: Con guration options for the Fisher discriminant. Valugsem are defaults. If prede-
ned categories exist, the default category is marked by'aThe options in Option Tabl& can also be
con gured.

6.6.2 Description and implementation

The classi cation of the events in signal and backgrounds#a relies on the following charac-

sample meangsg)., and total covariance matri@ of the sample. The covariance matrix can
be decomposed into the sum oWéhin- (W) and abetween-class matrigB ). They respectively
describe the dispersion of events relative to the meansofdtvn class (within-class matrix), and
relative to the overall sample means (between-class ntrix

TheFisher coef cients F, are then given by

p NN Xvar
_  NsNs Lig . v Y-

Fk = Ns + Ng . W, (Xs: Xg: ) ; (27)
whereNgg) are the number of signal (background) events in the traismgple. The Fisher
discriminantyg;(i) for eventi is given by

) Rvar .
yri(i) = Fo+  Fixk(i): (28)
k=1

The offsetF( centers the sample megg of all Ns + Ng events at zero.

Instead of using the within-class matrix, the Mahalanobisant determines the Fisher coef cients
as follows [L7] D

—NSNB Rvar 1
Fr= ——— C,'(Xs~ Xg-);: 29
k NS+NB\_1K(S' B ) (29)
2The within-class matrix is given by
X
Wy = h>(U;k Xu:k ihXU;‘ YU;‘i = CS;k~ + CB;k‘ )
U= S;B

whereCs ) is the covariance matrix of the signal (background) samfite. between-class matrix is obtained by
1 X

whereXs gy is the average of variabbex for the signal (background) sample, axd denotes the average for the
entire sample.
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whereCy: = Wy + By .

6.6.3 Variable ranking

The Fisher discriminant analysis aims at simultaneouslyimiging the between-class separation
while minimising the within-class dispersion. A useful rmege of the discrimination power of a
variable is therefore given by the diagonal quanBiy, =Cyx , which is used for the ranking of the
input variables.

6.6.4 Performance

In spite of the simplicity of the classi er, Fisher discringints can be competitive with likelihood
and nonlinear discriminants in certain cases. In particitssher discriminants are optimal for
Gaussian distributed variables with linear correlatiotfs the standard toy example that comes
with TMVA).

On the other hand, no discrimination at all is achieved wheari@ble has the same sample mean
for signal and background, even if the shapes of the disioibs are very different. Thus, Fisher
discriminants often bene t from suitable transformatiarfghe input variables. For example, if a
variablex 2 [ 1; 1] has a a signal distributions of the fosm, and a uniform background distribu-
tions, their mean value is zero in both cases, leading to paragon. The simple transformation
x 1] xj renders this variable powerful for the use in a Fisher disitrant.

6.7 Function Discriminant Analysis (FDA)

The common goal of all TMVA discriminators is to determinea@ptimal separating function in
the multivariate space represented by the input variaflas. Fisher discriminant solves this an-
alytically for the linear case, while arti cial neural netrks, support vector machines or boosted
decision trees provide nonlinear approximations with —ringiple — arbitrary precision if enough
training statistics is available and the chosen architedsi exible enough.

The function discriminant analysis (FDA) provides an imediate solution to the problem with
the aim to solve relatively simple or partially nonlineapplems. The user provides the desired
function with adjustable parameters via the con guratignian string, and FDA ts the param-
eters to it, requiring the signal (background) functionueato be as close as possible to 1 (0).
Its advantage over the more involved and automatic nonlidisariminators is the simplicity and
transparency of the discrimination expression. A shoriogrs that FDA will underperform for
involved problems with complicated, phase space depemgtinear correlations.

6.7.1 Booking options

FDA is booked via the command:
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Option Values Description

()

Discriminator expression: the input variable
are denoted , ,...(untilny 1), where
the number follows the order in which the varit
ables have been registered with the Factory; go-
ef cients to be determined by the t must be det
noted , ... (the number of coef cients
is free) in the formula; allowed is any functiona
expression that can be interpreted by a ROQT
TFormula See Code Exampl@3 for an exam-
ple expression

Limits for the t parameters (coef cients) de-
ned in ; the syntax is ”

", where the rst interval corresponds|
to parameter , the second to parameter ,
and so on

Fitting techniques

=

Converger which can be combined with MC o
GA to improve the convergence in local minim

-

Specic options for the tter selected via
, See Seds, page32

Option Table 14: FDA con guration options. Values given are defaults. If geened categories exist,
the default category is marked by &.' The options in Option Tabl8& can also be con gured. The use of
the Simulated Annealing (SA) tter is depreciated at presenthe implementation is not yet mature. The
converger allows to use (presently only) Minuit tting in @ition to Monte Carlo sampling or a Genetic
Algorithm. More details on this combination are given in S2&. The various tters are con gured using
the options given in Table4 5, 6 and7, for MC, Minuit, GA and SA, respectively.

Code Example 32: Booking of the FDA classi er: the rst argument is a prede deenumerator, the
second argument is a user-de ned string identi er, and thiedtargument is the con guration options
string. Individual options are separated by a ":'. See Set.4for more information on the booking.

The con guration options for the FDA classi er are listed @ption Tablel4 (see also Se&). A
typical option string could look as follows:
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Code Example 33: FDA booking option example simulating a linear Fisher dis@nant (cf. Sec6.6).
The top line gives the discriminator expression, wherexinéenote the input variables and tj¢ denote
the coef cients to be determined by the t. Allowed are alartiard functions and expressions, including
the functions belonging to the ROOMMath library. The second line determines the limits for the t
parameters, where the numbers of intervals given mustsmorel to the number of t parameters de ned.
The third line de nes the tter to be used (here Minuit), arebtiast line is the tter con guration.

6.7.2 Description and implementation

Since for the parsing of the discriminator function, ROOTFormulaclass is used, the expression
needs to comply with its rules (which are the same as thodeafhyaly for the

command). For simple formula with a single global t solutiaMinuit will be the most ef cient
tter. However, if the problem is complicated, highly noméiar, and/or has a non-unique solution
space, more involved tting algorithms may be required. hattcase the Genetic Algorithm
combined or not with a Minuit converger should lead to thet besults. After t convergence,
FDA prints the tresults (parameters and estimator valiejvall as the discriminator expression
used on standard output. The smaller the estimator valeebétter the solution found. The
normalised estimator is given by

E—l)wSF 1)° +1%8|:2 ; 30
A (F (xa) )" Wa W (Xa)Wa ; (30)

a=1 B a=1

where the rst (second) sum is over the signal (backgrouradhing eventsk (x5) is the discrim-
inator function X is the tuple of theny,r input variables for everd, wj is the event weight, and
Wsg) is the sum of all signal (background) weights.

6.7.3 Variable ranking

The present implementation of FDA does not provide a rankirthe input variables.

6.7.4 Performance

The FDA performance depends on the complexity and delityhaf user-de ned discriminator

function. As a general rule, it should be able to reprodueedibcrimination power of any linear
discriminant analysis. To reach into the nonlinear domiiis, useful to inspect the correlation
pro les of the input variables, and add quadratic and high@ynomial terms between variables
as necessary. Comparison with more involved nonlineasiodais can be used as a guide.
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6.8 Arti cial Neural Networks (nonlinear discriminant ana lysis)

An Arti cial Neural Network (ANN) is most generally speakijrany simulated collection of inter-
connected neurons, with each neuron producing a certgiomes at a given set of input signals.
By applying an external signal to some (input) neurons the/oik is put into a de ned state that
can be measured from the response of one or several (ougudms. One can therefore view
the neural network as a mapping from a space of input vasa@lg : : ; x,,,, onto a, in case of
a signal-versus-background discrimination problem, dineensional space of output variables
The mapping is nonlinear if at least one neuron has a nomliesaonse to its input.

In TMVA three neural network implementations are availaioiehe user. The rst was adapted
from a FORTRAN code developed at the Université Blaise &lascClermont-Ferrand? the sec-
ond is the ANN implementation that comes with ROOT. The tlsré newly developed neural
network (denoted/LP) that is faster and more exible than the other two and is #@mmended
neural network to use with TMVA. All three neural networke &eed-forward multilayer percep-
trons.

6.8.1 Booking options
The Clermont-Ferrand neural network

The Clermont-Ferrand neural network is booked via the contma

Code Example 34: Booking of the Clermont-Ferrand neural network: the rsgament is a prede ned
enumerator, the second argument is a user-de ned stringiide and the third argument is the options
string. Individual options are separated by a ":'. See Set.4for more information on the booking.

The con guration options for the Clermont-Ferrand neural are given in Option Tabl5.

Option Values Description

Number of training cycles
Speci cation of the network architecture

Option Table 15: Con guration options for the Clermont-Ferrand neural ngdlues given are defaults.
See Sec6.8.3for a description of the network architecture con guratiorhe options in Option Tabl8
can also be con gured.

22The original Clermont-Ferrand neural network has been fmddiggs search analyses in ALEPH, and background
ghting in rare B -decay searches by the BABAR Collaboration. For the use i'vAlthe FORTRAN code has been
converted to C++.
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The ROOT neural network (class TMultiLayerPerceptron)

This neural network interfaces the ROOT class and is booked through
the Factory via the command line:

Code Example 35: Booking of the ROOT neural network: the rst argument is adg@ed enumerator,
the second argument is a user-de ned string identi er, drthird argument is the con guration options
string. See Se@.1.4for more information on the booking.

The con guration options for the ROOT neural net are give®jption Tablel6.

Option Values Description

Number of training cycles
Speci cation of the network architecture

Option Table 16: Con guration options for the ROOT neural network. Valuesayi are defaults. See
Sec.6.8.3for a description of the network architecture con guratiorhe options in Option Tabl8 can
also be con gured.

The MLP neural network

The MLP neural network is booked through the Factory via ttramand line:

Code Example 36: Booking of the MLP neural network: the rst argument is a peeted enumerator,
the second argument is a user-de ned string identi er, am&l third argument is the options string. See
Sec.3.1.4for more information on the booking.

The con guration options for the MLP neural net are given iption Tablel7.
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Option Values Description

Number of training cycles
Speci cation of the network architecture
Neuron activation function

Neuron input norm (synapsis function)

Minimisation method: back-propagation
(BP) and Genetic Algorithm (use is dis+
couraged)

ANN learning rate parameter
Decay rate for learning parameter
Back-propagation learning mode

Batch size: number of events/batch, only
set if in batch mode, -1 for =
number-of-events

Option Table 17: Con guration options for the MLP neural network. Values givare defaults. If pre-
de ned categories exist, the default category is marked by.aSee Sec6.8.3for a description of the
network architecture con guration. The options in Opticable8 can also be con gured.

6.8.2 Description and implementation

The behaviour of an arti cial neural network is determineyg the layout of the neurons, the
weights of the inter-neuron connections, and by the regpohthe neurons to the input, described
by neuron response function

Multilayer Perceptron

While in principle a neural network with neurons can have? directional connections, the com-
plexity can be reduced by organizing the neurons in layetsoaty allowing directional connec-
tions from one layer to the immediate next one (see B2j. This kind of neural network is termed
multilayer perceptropall neural net implementations in TMVA are of this type. Thst layer of

a multilayer perceptron is the input layer, the last one tiput layer, and all others afédden
layers. For a classi cation problem with,,, input variables and 2 output classes the input layer

layer that holds the output variable, the neural net estimatyy .2 Each directional connection
between the output of one neuron and the input of anotherrmassociated weight. The value of
the output neuron is multiplied with the weight to be usedhasii value for the next neuron.

ZIf two output neurons were used in the output layer, one fgmaliand the other for background, their output values
would beyany andl  yann , respectively.
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Input Layer Hidden Layer Output Layer

Figure 12: Multilayer perceptron with one hidden layer.

Input

-1
Y1
-1

Y2

yi

Figure 13: Single neurorj in layer™ with n input connections. The incoming connections carry a weight

ofw V.

Neuron response function

The neuron response functiormaps the neuron inpig; :: : ; in onto the neuron output (Fig.3).
Often it can be separated intoRd' 7! R synapsis function, and aR 7! R neuron activation
function , sothat = . The functions and can have the following forms:
8
. P
% wh) + oyl Sum
i=1
. " . . 6 P N ey 2
C oy ,(1>ng]); ::;wf”.)) Lowy) + y'w{) * sumofsquares  (31)
i=1
_§ L

W& + - 1yi )Wi(j\)j Sum of absolutes
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8 .

% X Linear,
ﬁ Sigmoid

% (32)

1
73 e *  Tannh
e X2 Radiat

6.8.3 Network architecture

The number of hidden layers in a network and the number ofamsuin these layers are con g-
urable via the option . For example the con guration

creates a network with three hidden layers, the rst hiddsmt withn,,r 1 neurons, the
second wittnygr + 10 neurons, and the third with 3 neurons.

When building a network two rules should be kept in mind. That is the theorem by Weierstrass
ascertaining that for a multilayer perceptron a single aidthyer is suf cient to approximate a
given continuous correlation function to any precisiongegian arbitrary large number of neurons
in the hidden layer. If the available computing power anddize of the training data sample are
suf cient, one can thus raise the number of neurons in thddrndayer until the optimal perfor-
mance is reached.

It is possible that the same performance can be reached wétwark with more than one hidden
layer and a potentially much smaller total number of hiddenrans. This would lead to a shorter
training time and a more robust network.

Training of the neural network

The most common algorithm for adjusting the weights thainoige the classi cation performance
of a neural network is the so-calldshck propagation. It belongs to the family of supervised
learning methods, where the desired output for every inpemteis known. Back propagation is
used by all neural networks in TMVA. The output of a networlker@h for simplicity assumed to
have a single hidden layer with a Tanh activation functiord a linear activation function in the
output layer) is given by
!
Xh Xh Ryvar
YANN = yj(z) Wj(zl) = tanh xiwi(jl) Wj(zl) ; (33)

j=1 j=1 i=1
wherengr andny, are the number of neurons in the input layer and in the hidalger] respectively,
wi(jl) is the weight between input-layer neurioand hidden-layer neurgn andwj(zl) is the weight
between the hidden-layer neurpand the output neuron. Simple summation was used In&). (
as synapsis function.

a = 1;:::;N. For each training everd the neural network outputann :a IS computed and
compared to the desired outpyt 2 f 1;0g (1 for signal events and O for background events).
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An error function E, measuring the agreement of the network response with tieedeone, is
de ned by
N R )
E(X1 i Xnjw) = Ea(Xajw) = > (Yann:a  Ya)* s (34)
a=1 a=1

wherew denotes the ensemble of adjustable weights in the netwdrk.s&t of weights that min-
imizes the error function can be found using the methoste¢pesor gradient descenprovided
that the neuron response function is differentiable wipeet to the input weights. Starting from
arandom set of weights ( ) the weights are updated by moving a small distanag-ispace into

the direction r  E whereE decreases most rapidly
wi =wl) v LE; (35)
where the positive numberis thelearning rate

The weights connected with the output layer are updated by

X @ XN
w? = O _ (Yanna o) Via (36)
! ) I
a=1 @D%ﬁ a=1
and the weights connected with the hidden layers are updsted
X @g
Wi(jl) = ) (Yann;a  Ya) yj(;i) 1 yj(;?)wj(?xi;a ; (37)
a=1 @D%} a=1

where we have usethnh®x = tanh x(1 tanhx). This method of training the network is
denotedbulk learning since the sum of errors of all training events is used to tgtie weights.
An alternative choice is the so-call@ahline learning where the update of the weights occurs
at each event. The weight updates are obtained from B@safd @7) by removing the event
summations. In this case it is important to use a well randethtraining sample. Online learning
is the learning method implemented in TMVA.

6.8.4 Variable ranking

The MLP neural network implements a variable ranking basethe sum of the weights-squared
of the connections that leave the variable input neuron. ifiprtancel ; of the input variable
is given by

2
h=x2 o owd T i=1in (38)
j=1
whereX; is the sample mean of input varialle

6.8.5 Performance

In the tests we have carried out so far, the MLP and ROOT né&syaerformed equally well, with
however a clear speed advantage for the MLP. The Clermantufiak neural net exhibited worse
classi cation performance in these tests, which is partlg tb the slow convergence of its training
(at least 10k training cycles are required to achieve apprabely competitive results).
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6.9 Support Vector Machine (SVM)

In the early 1960s a linear support vector method has beexiatmd for the construction of sep-
arating hyperplanes for pattern recognition proble; 27]. It took 30 years before the method
was generalised to nonlinear separating functi@®sJ9] and for estimating real-valued functions
(regression)30]. Atthat moment it became a general purpose algorithmppeihg classi cation
and regression tasks which can compete with neural netvemritprobability density estimators.
Typical applications of SVMs include text categorisati@haracter recognition, bioinformatics
and face detection.

The main idea of the SVM approach is to build a hyperplanedeparates signal and background
vectors(events) using only a minimal subset of all training veci{gigpport vectors The position

of the hyperplane is obtained by maximizing the margin &tist) between it and the support vec-
tors. The extension to nonlinear SVMs is performed by mapfie input vectors onto a higher
dimensional feature space in which signal and backgrouadts\can be separated by a linear pro-
cedure using an optimally separating hyperplane. The ukerogl functions eliminates thereby
the explicit transformation to the feature space and siegpthe computation.

6.9.1 Booking options

The SVM classi er is booked via the command:

Code Example 37: Booking of the SVM classi er: the rst argument is a uniquepy enumerator, the
second is a user-de ned name which must be unique among eldabclassi ers, and the third argument
is the con guration option string. Individual options areparated by a ":'. For options that are not set in
the string default values are used. See Sek4for more information on the booking.

The con guration options for the SVM classi er are given irp@on Tablel8.

6.9.2 Description and implementation

A detailed description of the SVM formalism can be found, égample, in Ref.31]. Here only
a brief introduction along the TMVA implementation is given

Linear SVM

Consider a simple two-class classi er with oriented hypemps. If the training data is linearly
separable, a vector-scalar p@#v; j can be found that satis es the constraints

yis w+b 1 0; 8§, (39)

wherex; are the input vectorg; the desired outputy{ = 1), and where the paiw; b de nes
a hyperplane. The decision function of the classi ef {s) = sign(» w+ b), which is+1 for
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Option Values Description

De nition of the kernel function: is
K (%; ¥) = % ¥ (no extra parameters),
isK(xy) = (x y+ ), is K(xy) =
exp | x ¥°=2 2, and corresponds
toK(x¥y) =tanh( (% %+ )

Width of the Gaussian kernel
Order of the Polynomial kernel
Parameter
Parameter
Cost parameter (see Secti6r®.2
10 3 Tolerance (see Sectid9.4
Maximum number of training iterations

Option Table 18: Con guration options for the Support Vector Machine. Foe #ernel types see Eq1§).
If prede ned categories exist, the default category is redrky a ' *. The options in Option Tabl& can
also be con gured.

all points on one side of the hyperplane antlfor the points on the other side.

Intuitively, the classi er with the largest margin will gévbetter separation. The margin for this
linear classi er is jus=wj. Hence to maximise the margin, one needs to minimisedlsefunc-
tion W = jwj?=w with the constraints from Eq36).

At this point it is bene cial to consider the signi cance offféérent input vectorsg;. The training
events laying on the margins, which are called the suppatbve (SV), are the events that con-
tribute to de ning the decision boundary (see Fig). Hence if the other events are removed from
the training sample and the classi er is retrained on theaiaing events, the training will result
in the same decision boundary. To solve the constrainedrgti@dptimisation problem, we rst
reformulate it in terms of a Lagrangian

1. ., X
L(w;b;) = Sjwi’ (i (s W+ b 1) (40)
i
where ; 0 and the condition from Eq30) must be ful lled. The Lagrangiai. is minimised
with respect tow andb and maximised with respect ta The solution has an expansion in terms
of a subset of input vectors for which 6 O (the support vectors):

X
W = iYiXi; (41)
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y=-1 .

X,, X,, X5, X, — support vectors

Figure 14: Hyperplane classi er in two dimensions. The vectors (esgxt 4 de ne the hyperplane and
margin, i.e., they are the support vectors.

becaused. =@l 0 and@ =@ w 0 hold at the extremum. The optimisation problem translates
to nding the vector~ which maximises

X 1 X
L(~)= 3
i ij

i JYiYiXi % (42)

Both the optimisation problem and the nal decision funatidepend only on dot products be-
tween input vectors, which is a crucial property for the galigation to the nonlinear case.

Nonseparable data

The above algorithm can be extended to nonseparable date. clabsi cation constraints in
Eq. 39 are modi ed by adding a “slack” variable to it ( ; = O if the vector is properly classi ed,
otherwise ; is the distance to the decision hyperplane)

yi( w+b 1+ ; O i 0; 8§ (43)
This admits a certain amount of misclassi cation. The timjnalgorithm thus minimises the
modi ed cost function X
1. 5
W=Siw+C i (44)

i
describing a trade-off between margin and misclassi aatibhe cost parameté& sets the scale
by how much misclassi cation increases the cost function.
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Nonlinear SVM

The SVM formulation given above can be further extended tlwlainonlinear SVM which can
classify nonlinearly separable data. Consider a functio®® " ! H , which maps the training
data fromR"var, wheren4 is the number of discriminating input variables, to soménhigdimen-
sional spacél. In theH space the signal and background events can be linearlyagegao that
the linear SVM formulation can be applied. We have seen in(&2). that event variables only
appear in the form of dot products %;, which become( %) ( %) in the higher dimensional
feature spacel. The latter dot product can be approximated by a kernel foimct

Kea;%) (%) (%), (45)

which avoids the explicit computation of the mapping fuort({ *). This is desirable because the
exact form of ( %) is hard to derive from the training data. Most frequentlydukernel functions
are

K(xy) = (x y+ )¢ Polynomial
K(xy) =exp jx ¥°=22  Gaussian (46)
K(%¥) =tanh( (x ¥+ ) Sigmoidal

It was shown in Ref.30] that a suitable function kernel must ful Il Mercer's coritin
Z
K (% ¥)9(x)g(y)dxdy 0; (47)

for any functiong such tha’P g?(%)dxis nite. While Gaussian and polynomial kernels are known
to comply with Mercer's condition, this is not strictly thase for sigmoidal kernels. To extend
the linear methodology to nonlinear problems one subssitgt %; by K (xi;%;) in Eqg. 42). Due

to Mercer's conditions on the kernel, the correspondingnaigition problem is a well de ned
convex quadratic programming problem with a global minimurhis is an advantage of SVMs
compared to neural networks where local minima occur.

Implementation

The TMVA implementation of the Support Vector Machine fal® closely the description given
in the literature. It employs a sequential minimal optintima (SMO) [32] to solve the quadratic
problem. Acceleration of the minimisation is achieved hyiding a set of vectors into smaller
subsets 33]. The SMO method drives the subset selection to the extreyreelecting subsets
of two vectors (for details see Ref3]]). The pairs of vectors are chosen, using heuristic rules,
to achieve the largest possible improvement (minimisatmer step. Because the working set is
of size two, it is straightforward to write down the analglicolution. The minimisation proce-
dure is repeated recursively until the minimum is found. BMO algorithm has proven to be
signi cantly faster than other methods and has become th& mmmmon minimisation method
used in SVM implementations. The precision of the minimdgais controlled by the tolerance
parameter  (see Tabl8). The SVM training time can be reduced by increasing thedaolee.
Most classi cation problems should be solved with less the@0 training iterations. Interrupting
the SVM algorithm using the option may thus be helpfull when optimising the SVM
training parameters. can be released for the nal classi er training.
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6.9.3 Variable ranking

The present implementation of the SVM classi er does novjgl® a ranking of the input variables.

6.9.4 Performance

The TMVA SVM algorithm comes with linear, polynomial, Gaigssand sigmoidal kernel func-
tions. With suf cient training statistics, the Gaussianrikg allows to approximate any separating
function in the input space. It is crucial for the performarmt the SVM to appropriately tune the
kernel parameters (the width in case of a Gaussian kermel)thee cost paramet€r. The optimal
tuning is speci c to the problem and must be taken care of leyuber.

The SVM training time scales like? with the number of vectors (events) in the training data set.
The user is therefore advised to restrict the sample sizegitine rst rough scan of the kernel
parameters. Also increasing the minimisation tolerandpshie speed up the training.

SVM is a nonlinear general purpose classi cation algoritivith a performance similar to neural
networks (Sec6.8) or to a multidimensional likelihood estimator (S&c3).

6.10 Boosted Decision Trees (BDT)

A decision treeis a binary tree structured classi er like the one sketchedrig. 15. Repeated
left/right (yes/no) decisions are performed on a singléatde at a time until some stop criterion
is reached. Like this the phase space is split into regicaisatte eventually classi ed as signal or
background, depending on the majority of training everas émd up in the naleafnodes. The
boostingof a decision tree (BDT) represents an extension to a sirgglisin tree. Several decision
trees (dores), derived from the same training sample by reweighting ®/eme combined to form
a classi er which is given by a (weighted) majority vote oétimdividual decision trees. Boosting
stabilizes the response of the decision trees with respeattuations in the training sample.

6.10.1 Booking options

The BDT classi er is booked via the command:

Code Example 38: Booking of the BDT classi er: the rst argument is a prede deenumerator, the
second argument is a user-de ned string identi er, and thiedtargument is the con guration options
string. Individual options are separated by a ":'. See Set.4for more information on the booking.

Several con guration options are available to customizBIDT classi er. They are summarized
in Option Tablel9 and described in more detail in S€c10.2
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Figure 15: Schematic view of a decision tree. Starting from the rootep@sequence of binary splits
using the discriminating variables is performed. Each split uses the variable that at this nadesghe
best separation between signal and background when belimgcithe same variable may thus be used at
several nodes, while others might not be used at all. Thenledés at the bottom end of the tree are labeled
“S” for signal and “B” for background depending on the maipif events that end up in the respective
nodes.

6.10.2 Description and implementation

Decision trees are well known classi ers that allow straéfigiward interpretation as they can be
visualized by a simple two dimensional tree structure. Tdreyin this respect similar to rectangu-
lar cuts. However, whereas a cut-based analysis is abldect gmly onehypercube as region of

phase space, the decision tree is able to split the phase spaa large number of hypercubes,
each of which is identi ed as either “signal-like” or “bact@ind-like”. The path down the tree to
each leaf node represents an individual cut sequence tleatssignal or background depending
on the type of the leaf node.

A shortcoming of decision trees is their instability withrspect to statistical uctuations in the
training sample from which the tree structure is derivedr é@mple, if two input variables ex-
hibit similar separation power, a uctuation in the traigisample may cause the tree growing
algorithm to decide to split on one variable, while the othariable could have been selected
without that uctuation. In such a case the whole tree stiteeis altered below this node, possibly
resulting also in a substantially different classi er respe.

This problem is overcome by constructing a forest of denisiees and classifying an event on
a majority vote of the classi cations done by each tree inftrest. All trees in the forest are
derived from the same training sample, with the events bsifigequently subjected to so-called
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Option Values Description

Number of trees in the forest
Boosting type for tree building

Separation criterion applied for the nod
splitting

D

Minimum number of events in a node
where further splitting is stopped

Number of steps in the scan to optimis
the cut at a node

D

Use simple Yes/No decision from lea
node or (if ) use the training leaf
purity as signal/background weight

Use a weighted (e.g., In(boost-weight)
from AdaBoost) or unweighted majority
vote of all trees in the forest

Pruning method

Amount of pruning: it should be large
enough such that overtraining is avoide|
and needs to be tuned for each analys
if set to a negative value, an algorithn
attempts to search for the optimal prun
strength

mQ

D =

Option Table 19: Con guration options for the BDT classi er. Values giveneadefaults. If prede ned
categories exist, the default category is marked by.aThe common options in Option Tabkcan also
be con gured.

boosting, a procedure which modi es their weights in the pnBoosting increases the statisti-
cal stability of the classi er and typically also improvdwetseparation performance compared to a
single decision tree. However, the advantage of the stifaigtard interpretation of the decision
tree is lost. While one can of course still look at a limitedmer of trees trying to interprete the
training result, one will hardly be able to do so for hundrefi$rees in a forest. Nevertheless,
the general structure of the selection can already be uioderby looking at a limited number of
individual trees.

Boosting

Boosting is a general procedure whose application is natddnto decision trees. The same
classi er is trained several times using a successibalgstedreweighted) training event sample.
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The nal classi er is then derived from the combination of #ie individual classi ers. The most
popular boosting algorithm is the so-callédlaBoost[18] (adaptive boost), where events that
were misclassi ed during the training of a tree are givenghkr event weight in the training of
the next following tree. Starting with the original eventiglgs when training the rst decision
tree, the subsequent tree is trained using a modi ed evenplsawhere the weights of previously
misclassi ed events are multiplied by a commiomost weight . The boost weight is derived from
the misclassi cation raterr of the previous tree,
1 err

T Terr : (48)

The entire event sample is then renormalised to keep thientataber of events (sum of weights)
in a tree constant.

With the result of an individual trele(x) (x being the tuple of input variables) encoded for signal
and background ds(x) = +1 and 1, respectively, the resulting event classi catiggpT(x)
for the boosted classi er is then given by
X
yeoT(X) = In(C i) hi(x); (49)

i2forest

where the sum is over all trees in the forest. Small (largklegforygpT(X) indicate a background-
like (signal-like) event. EquatiorQ) is the default BDT boosting. It can be altered using the
option for which theygpt(X) is computed as the average of the in-
dividual trees without the weighting factorg ;).

Another possible modi cation of Eq.4Q) is to use the training puri& in the leaf node as re-
spectively signal or backgroundeightsrather than relying on the binary decision. This option
is chosen by setting the option . Such an approach however should be
adopted with care as the purity in the leaf nodes is sengiesertraining and therefore typically
overestimated. Tests performed so far with this option a@idsow signi cant performance in-
crease. Further studies together with tree pruning areattedbetter understand the behaviour of
the purity-weighted BDTs.

The other boosting technique implemented in TMVA is a redamgechnique, sometimes re-
ferred to asbagging It is selected via the option. The resampling is done with
replacement, which means that the same event is allowed @beomly) picked several times
from the parent sample. This is equivalent to regarding thieing sample as being a represen-
tation of the probability density distribution of the par@vent ensemble. If one draws an event
out of this ensemble, it is more likely to draw an event fromegion of phase-space that has a
high cross section, as the original Monte Carlo sample vaillehmore events in that region. If a
selected event is kept in the original sample (that is wherstime event can be selected several
times), the parent sample remains unchanged so that theméynextracted samples will have
the same parent distribution, albeit statistically ude Training several decision trees with
different resampled training data and combining them irfarest results in an averaged classi er

%The purity of a node is given by the ratio of signal events te@ents in that node. Hence pure background nodes
have zero purity.
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that, just as for boosting, is more stable with respect tiissitzal uctuations in the training sam-
ple. Technically the resampling is implemented by applyiaigdom weights to each event of the
parent sample.

Training (Building) a decision tree

The training, building ogrowing of a decision tree is the process that de nes the splittiigria

for each node. The training starts with the root node, whareitial splitting criterion for the
full training sample is determined. The split results in tsubsets of training events that each go
through the same algorithm of determining the next spiititeration. This procedure is repeated
until the whole tree is built. At each node, the split is detiered by nding the variable and
corresponding cut value that provides the best separagbmeen signal and background. The
node splitting is stopped once it has reached the minimumbeumf events which is speci ed in
the BDT con guration. The end- or leaf nodes are classi edigmal or background according to
the class the majority of events belongs to.

A variety of separation criteria can be con gured to asséssperformance of a variable and a
speci ¢ cut requirement. Because a cut that selects prasmtly background is as valuable as
one that selects signal, the criteria are symmetric withgessto the event classes. All separation
criteria have a maximum where the samples are fully mixed, at purityp = 0:5, and fall
off to zero when the sample consists of one event class omgtsThave revealed no signi cant
performance disparity between the following separatidteca:

Gini Index[default], de ned byp (1 p).
Cross entropyde nedby p In(p) (1 p) In(1 p).
Misclassi cation error, de ned byl max(p;1 p).

Statistical signi cancede ned byS=p S+ B.

The splitting criterion being always a cut on a single vdgathe training procedure seledtse
variable and cut value that optimises thereasein the separation index between the parent node
and the sum of the indices of the two daughter nodes, weidiyté¢ldeir relative fraction of events.
The cut values are optimised by scanning over the variablgeravith a granularity that is set
via the option . The default value of proved to be a good compromise between
computing time and step size. Finer stepping values didnooease noticeably the performance
of the BDTs.

In principle, the splitting could continue until each leafde contains only signal or only back-
ground events, which could suggest that perfect discritiinds achievable. However, such a
decision tree would be strongly overtrained. To avoid aaéming a decision tree must peuned

Pruning a decision tree

Pruning is the process of cutting back a tree from the bottpmafter it has been built to its
maximum size. Its purpose is to remove statistically insigmt nodes and thus reduce the over-
training of the tree. It has been found to be bene cial to gsow the tree to its maximum size
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and then cut back, rather than interrupting the node splittit an earlier stage. This is because
apparently insigni cant splits can nevertheless lead todyeplits further down the tree. TMVA
currently implements two tree pruning algorithms.

For theexpected error pruningl9] all leaf nodes for which the statistical error estimates of
the parent nodes are smaller than the combined statistical estimates of their daughter
nodes are recursiﬁely deleted. The statistical error eséiraf each node is calculated using
the binomial error p (1 p)=N, whereN is the number of training events in the node
andp its purity. The amount of pruning is controlled by multiplgi the error estimate by
the fudge factor

Cost complexity pruning2Q] relates the number of nodes in a subtree below a node to the
gain in terms of misclassi ed training events by the subtteepared the the node itself
with no further splitting. The cost estimaf chosen for the misclassi cation of training
events is given by the misclassi cation rdte max(p;1 p) in a node. The cost complexity

for this node is then de ned by

_ R(nodg R(subtree below that nojle (50)
"~ # nodegsubtree below that nojle 1

The node with the smallestvalue in the tree is recursively pruned away as long as
PruneStrength .

Note that the pruning is performexdter the boosting so that the error fraction used by AdaBoost
is derived from the unpruned tree.

If the option is set to a negative value, an algorithm attempts toraatically
detect the optimal strength parameter. The training saimspiivided into two subsamples, of
which only one is used for training, while the other one seriar validation. Starting with a
small value, the prune strength is increased until the maximerformance of the decision tree
is reached on the validation sample. This is done for eaehitidividually. Because of statistical
uctuations the performance may not appear as a smoothiumcf the prune strength, which
could lead to inaccurate optimisation if the validation péaris too small.

6.10.3 Variable ranking

A ranking of the BDT input variables is derived by countingahoften the variables are used to

split decision tree nodes, and by weighting each split aetuiwe by the separation gain-squared it
has achieved and by the number of events in the n@@e This measure of the variable importance
can be used for a single decision tree as well as for a forest.

6.10.4 Performance

Only limited experience has been gained so far with boostedsithn trees in HEP. In the literature
decision trees are sometimes referred to as the best “obedidx” classi ers. This is because
little tuning is required in order to obtain reasonably goesults. This is due to the simplicity of
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the method where each training step (node splitting) ire®lonly a one-dimensional cut optimi-
sation. Decision trees are also insensitive to the inctusfgoorly discriminating input variables.
While for arti cial neural networks it is typically more difult to deal with such additional vari-
ables, the decision tree training algorithm will basicatipore non discriminating variables as
for each node splitting only the best discriminating vaeails used. However, the simplicity of
decision trees has the drawback that their theoreticalyy performance on a given problem is
generally inferior to other techniques like neural netvgorkhis is seen for example using the aca-
demic training samples included in the TMVA package. Fa flsimple, which has equal RMS but
shifted mean values for signal and background and lineaelations between the variables only,
the Fischer discriminant provides theoretically optimiabdmination results. While the arti cial
neural networks are able to reproduce this optimal selegiErformance the BDTs always fall
short in doing so. However, in other academic examples withencomplex correlations or real
life examples, the BDTs often outperform the other techesquThis is because either there are
not enough training events available that would be needdatidogther classi ers, or the optimal
con guration (i.e. how many hidden layers, which variable§the neural network has not been
speci ed.

6.11 Predictive learning via rule ensembles (RuleFit)

This classi er is a TMVA implementation of Friedman-PopstRuleFit method described i2]].
Its idea is to use an ensemble of so-caligigsto create a scoring function with good classi cation
power. Each rule; is de ned by a sequence of cuts, such as

r{(x) = I(x2 < 1000) I (x3> 350);
ro(x) = 1(0:45<x4 < 1.00) I(xy> 1500);
rs(x) = I(xg < 11.00);

where thex; are discriminating input variables, amd: ::) returns the truth of its argument. A
rule applied on a given event is non-zero only if all of itsscate satis ed, in which case the rule
returns 1.

The easiest way to create an ensemble of rules is to extrromta forest of decision trees (cf.
Sec.6.10. Every node in a tree (except the root node) correspondségaence of cuts required
to reach the node from the root node, and can be regarded &s &lance for the tree illustrated
in Fig. 15 a total of 8 rules can be formed. Linear combinations of thesrin the ensemble are
created with coef cients (rule weights) calculated usinggularised minimisation procedur2?.
The resulting linear combination of all rules de nese@orefunction (see below) which provides
the RuleFit responsgrr (X).

In some cases a very large rule ensemble is required to abtaimpetitive discrimination between
signal and background. A particularly dif cult situatios when the true (but unknown) scoring
function is described by a linear combination of the inpuialaes. In such cases, e.g., a Fischer
discriminant would perform well. To ease the rule optinimatask, a linear combination of the
input variables is added to the model. The minimisation @doce will then select the appropriate
coef cients for the rulesandthe linear terms. More details are given in Se&d.1.2below.
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6.11.1 Booking options

The RuleFit classi er is booked via the command:

Code Example 39: Booking of RuleFit: the rst argumentis a prede ned enunterathe second argu-
ment is a user-de ned string identi er, and the third argurhis the con guration options string. Individual
options are separated by a':'. See Séd..4for more information on the booking.

The RuleFit con guration options are given in Option TaBle

6.11.2 Description and implementation

As for all TMVA classi ers, the goal of the rule learning is tod a classi cation functionyrg (X)
that optimally classi es an event according to the tuplergifut observations (variableg) The
classi cation function is written as

Mr
YrRe(X) = ao + amfm(x); (51)

m=1

where the setf , (X)gu, forms an ensemble dfase learnersvith Mg elements. A base learner
may be any discriminating function derived from the tragnitata. In our case, they consist of
rules and linear terms as described in the introduction. cbimeplete model then reads

NR Rvar
YRr(X) = ap + amrm(X)+  bX: (52)

m=1 i=1
To protect against outliers, the variables in the lineanteare modi ed to
xP=min( " max( ; )); (53)

where ; are the lower and upper quantiles of the variablg;. The value of is set t00:025in
the implementation. If the variables are used “as is”, thay imave an unequal priori in uence
relative to the rules. To counter this effect, the varialalesnormalised

X x%= (54)
where  and ; are the estimated standard deviations of an ensemble sfantkthe variablgio,
respectively.

Rule generation

The rules are extracted from a forest of decision trees. elhee several ways to generate a
forest. In the current RuleFit implementation, each tregiserated using a fraction of the training




6.11 Predictive learning via rule ensembles (RuleFit) 79

Option Values Description

Use either TMVA or Friedman's Rule-
Fit module

This option controls whether rules
and/or linear terms are to be included

Minimum relative importance accepted
in the nal model

Which method to use for creating the|
forest

Minimum fraction giving the minimum
number of events in a tree node whers
further splitting is stopped

1”2

Ditto, maximum fraction
Number of trees in forest

Minimum “rule distance” (Edb7); re-
moves similar rules; if zero, all rules
are kept

Minimisation cut-off parameter ; if
negative, the value is estimated; for the
de nition of tau, see Sed®.11.2

Required precision in estimated
Step size along the path

Maximum number of steps
Threshold for error-rate (always 1)
Fraction of events used for tting
Fraction of events used for validation

RFFriedman: work directory

RFFriedman: maximum number of
rules

RFFriedman: average number of end
nodes

Option Table 20: Con guration options for RuleFit. Values given are defaultf prede ned categories
exist, the default category is marked by a The options in Option Tabl& can also be con gured.
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sample. The fraction depends on which method is used forrgting the forest. Currently two
methods are supported (selected by option ); AdaBoostandRandom ForestThe rst
method is described in Se6.10.2 In that case, the whole training set is used for all treese Th
diversity is obtained through using different event wesgfdar each tree. For a random forest,
though, the diversity is created by training each tree usamglom sub-samples. If this method is
chosen, the fraction is calculated from the training sarsideN (signal and background) using
the empirical formulaZ3]

. p—
f =min(0:5; (1000 +6:0 N)=N): (55)
By default, is used for creation of the forest. In general it seems tooperbetter than
the random forest.
The topology of each tree is controlled by the parameters and . They

de ne a range of fractions which are used to calculate themmim number of events required in
a node for further splitting. For each tree, a fraction isadrdrom a uniform distribution within
the given range. The obtained fraction is then multipliethwie number of training events used
for the tree, giving the minimum number of events in a nodellmnafor splitting. In this way
both large trees (small fraction) giving complex rules anthk trees (large fraction) for simple
rules are created. For a given forest\aftrees, where each tree hasleaf nodes, the maximum
number of possible rules is

Xt

MR:max = 2(n+ 1) (56)

i=1
To prune similar rules, distanceis de ned between twdopologically equalrules. Two rules
are topologically equal if their cut sequences follow theeavariables only differing in their cut
values. The rule distance used in TMVA is then de ned by

) [ (57)

pul N
N

rules with a distance smaller than are removed from the rule ensemble. The param-
eter can be tuned to improve speed and to suppress noiseintipf®, this should be achieved
in the tting procedure. However, pruning the rule ensemiing a distance cut will reduce the
tting time and will probably also reduce the number of rulegshe nal model. Note that the cut
should be used with care since a too large cut value will deples rule ensemble and weaken its
classi cation performance.

Fitting

Once the rules are de ned, the coef cients in E§2)( are tted using the training data. For
details, the tting method is described i22]. A brief description is provided below to motivate
the corresponding RuleFit options.
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A loss functiorL (Yrr (X)j¥), given by the “squared-error ram@22]

Lyrei®) = (Y  Hyre))?; (58)

whereH (y) = max( 1, min(yrg; 1)), quanti es the “cost” of misclassifying an event of given
true classp. Therisk R is de ned by the expectation value af with respect tax and the true
class. Since the true distributions are generally not kndatva average oN training events is
used as an estimate

1 X .
R=y  LOre(XDI): (59)
i=1
A line element in the parameter space of the rule weight®(gby the vectoa of all coef cients)
is then de ned by

a( + )=a()+ 9(); (60)
where s a positive small increment amg{ ) is the negative derivative of the estimated gk
evaluated aa( ). The estimated risk-gradient is evaluated using a subJeafnp )

of the training events.

Starting with all weights set to zero, the consecutive apititbn of Eq. 60) creates a path in the
a space. At each step, the procedure selects only the gradiemtith absolute values greater
than a certain fraction { of the largest gradient. The fractionis ana priori unknown quantity
between 0 and 1. With = 0 all gradients will be used at each step, while only the steshg
gradient is selected for = 1. A measure of the “error” at each step is calculated by etialgia
the risk (Eq.59) using the validation sub-sample ( ). By construction, the risk
will always decrease at each step. However, for the vatidatample the value will increase once
the model starts to be overtrained. Currently, the ttingrigdely stopped when the error measure
is larger than times the minimum error found. The number of steps is coetidby
and the step size (in Eq.60) by

If the selected ( ) is a negative number, the best value is estimated by meamsazn. In
such a case several paths are tted in parallel, each withfarelint value of . The number of
paths created depend on the required precision given by . By only selecting the
paths being “close enough” to the minimum at each step, tbedsfor the scan is kept down. The
path leading to the lowest estimated error is then selediatte the best is found, the tting
proceeds until a minimum is found. A simple example with a f@an points is illustrated in
Fig. 16.

6.11.3 Variable ranking

Since the input variables are normalised, the ranking aélbes follows naturally from the coef-

by [ ©
Im = jamj sSm(1:0 Sm); (61)
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Figure 16: An example of a path scan in two dimensions. Each point reptesan in Eq. (60) and each
step is given by . The direction along the path at each point is given by theorer For the rst few
points, the paths(1; 2; 3) are created with different values of After a given number of steps, the best
path is chosen and the search is continued. It stops whemgh@bint is found. That is, when the estimated
error-rate is minimum.

wheresy, is thesupportof the rule with the following de nition

X
'm(Xn): (62)

o = 1
o=
N n=1

The support is thus the average response for a given ruleeodata sample. A large support
implies that many events pass the cuts of the rule. Hench, rslies cannot have strong discrim-
inating power. On the other hand, rules with small suppoly accept few events. They may
be important for these few events they accept, but they aranbe overall picture. The de ni-

tion (61) for the rule importance suppresses rules with both largiesamall support.
For the linear terms, the de nition of importance is

li=jhbj i; (63)
so that variables with small overall variation will be asgd a small importance.

A measure of the variable importance may then be de ned by
X
Ji= 1+ I m=Ch ; (64)

mjXi2rm
where the sum is over all rules containing the variableandqy, is the number of variables used

in the ruler,. This is introduced in order to share the importance equmgtyeen all variables in
rules with more than one variable.
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6.11.4 Friedman's module

By setting to , the interface to Friedman's RuleFit is selected. To
use this module, a separate setup is required. If the moslgielécted in a run prior to setting up

the environment, TMVA will stop and give instructions on htmyproceed. A command sequence
to setup Friedman's RuleFit in a UNIX environment is:

Code Example 40: The rst line creates a working directory for Friedman's nubel In the third line, the
binary executable is fetched from the of cial web-site. &ig, it is made sure that the module is executable.

As of this writing, binaries exists only for Linux and WindewCheck J. Friedman's home page
at http://www-stat.stanford.edu/ jhf for updated information. When running this module from

TMVA, make sure that the option is set to the proper working directory (default is
). Also note that only the following options are used: , ,
: : and . The options and
correspond to the options in the package by Friedman and , respectively.

For more details, the reader is referred to Friedmans Rutednual P3].

Technical note

The module _ communicates with the user by means of both ASCII and bindeg.
This makes the input/output from the module machine dependaVVA reads the output from

_ and produces the normal machine independent weight (®)clas This can then be
used in other applications and environments.

6.11.5 Performance

Rule ensemble based learning machines are not yet well kmdthin the HEP community, al-
though they start to receive some attenti@d][ Apart from RuleFit R1] other rule ensemble
learners exists, such as SLIPPER]|

The TMVA implementation of RuleFit follows closely the oigl design described in Ref2]].
Currently the performance is however slightly less robhantthe one of the Friedman-Popescu
package. Also, the experience using the method is stilcecairthe time of this writing.

To optimise the performance of RuleFit several strategigsbe employed. The training consists
of two steps, rule generation and rule ensemble tting. Opgr@ach is to modify the complexity
of the generated rule ensemble by changing either the nuafliezes in the forest, or the com-
plexity of each tree. In general, large tree ensembles veitiiing trees sizes perform better than
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short non-complex ones. The drawback is of course thatgttiecomes slow. However, if the
tting performs well, it is likely that a large amount of ruidewill have small or zero coef cients.
These can be removed, thus simplifying the ensemble. Tl pperformance can be improved
by increasing the number of steps along with using a smakgr size. Again, this will be at the
cost of speed performance although only at the trainingestée setting for the parametemay
greatly affect the result. Currently an automatic scan ifopeed by default. In general, it should
nd the optimum . If in doubt , the user may set the value explicitly. In anye;ahe user is
initially advised to use the automatic scan option to dettivebest path.

7 Summary and Plans

TMVA is atoolkit that uni es highly customizable multivate classi cation algorithms in a single
framework thus ensuring convenient use and an objectiierpeance assessment. It is designed
for machine learning applications in high-energy phydicg,not restricted to these. Source code
and library of TMVA-v.3.5.0 and higher versions are part o standard ROOT distribution kit
(v5.14 and higher). The newest TMVA development version lsardownloaded from Source-
forge.net ahttp:/tmva.sf.net.

This manual introduced the main steps allowing a user taropéi and perform her/his own mul-
tivariate analysis. Let us recall the main features of the/AMesign and purpose:

TMVA works in transparent factory mode to allow an unbiasedgrmance assessment and
comparison: all classi ers see the same training and test, dad are evaluated following
the same prescription.

A complete TMVA analysis consists of two steps:

1. Training: the ensemble of available and optimally multivariate cosied classi ers
are trained and tested on independent signal and backgdatadamples; the classi-
ers are evaluated and the most performing and concise amesetected.

2. Application: selected trained classi ers are used for the classi catibdata samples
with unknown signal and background composition.

A Factory class object created by the user organises themirsttion and interaction
with the classi ers for the training, testing and evaluatiphases of the TMVA analysis.
The training results together with the con guration of thassi ers are written to result
(“weight”) les.

Standardized outputs during the Factory running, and desticROOT macros allow a re-
ned assessment of each classi er's behaviour and perfoicea

Once appropriate classi ers have been chosen by the uggrctin be applied to data sam-
ples with unknown classi cation. Here, the interaction lwihe classi ers occurs through
a Reader class object created by the user. A classi er isdmbdly giving the path to its
weight le resulting from the training stage. Then, insidetuser's event loop, the MVA
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response is returned by the Reader for each of the bookesi efas as a function of the
event values of the discriminating variables used as inmuthfe classi ers. Alternatively,
the user may request from the Reader the probability thatemgivent belongs to the signal
hypothesis and/or the event's Rarity.

Alternatively, standalone C++ classes generated aftettrttieing of the classi ers can
be used for classi cation application. Such classes ardadola for all classi ers except
PDERS and k-NN.

We give below a summary of the TMVA classi ers, outlining tberrent state of their implemen-
tation, their advantages and shortcomings.

Rectangular Cut Optimisation

The current implementation is mature. It includes spediviged range searches using
binary trees, and three optimisation algorithms: Montddsampling, a Genetic Algorithm
and Simulated Annealing. In spite of these tools, optingighre cuts for a large number of
discriminating variables remains challenging. The usexdigised to reduce the available
dimensions to the most signi cant variables (e.g., usingiagipal component analysis)
prior to optimising the cuts.

Likelihood
Automatic PDF building through histogram smoothing andragimation with various
spline functions and kernel density estimators is impletegkn

PDERS

The multidimensional likelihood approach is in an advandedelopment stage providing
adaptive range search, several kernel estimation methndsspeed optimised range search
using event sorting in binary trees.

k-NN

The k-Nearest Neighbour classi er is the most recent aoldito TMVA. The code has been
fairly well tested, and showed satisfactory results. Withree training statistics it may
slightly underperform in comparison with PDERS, whereds g&igni cantly faster in the
application.

Fisher and H-Matrix
These are mature algorithms. The Fisher discriminant eatironly in the present imple-
mentation. The addition of higher-order moments is comsitle

Function Discriminant Analysis

FDA is a new approach, which has not yet been extensivelgdestowever, because of the
straightforward implementation through a TFormula, areluke of well tested parameter
tters, we are con dent that it should work ne.

Arti cial Neural Networks
Signi cant work went into the implementation of fast feeakhfvard multilayer perceptron
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algorithms into TMVA. Two external ANNs have been integohses fully independent meth-
ods, and another one has been newly developed for TMVA, withhasis on exibility
and speed. The performance of the latter ANN (MLP) has beessarthecked against the
Stuttgart ANN (using as an exampleidenti cation in ATLAS), and was found to achieve
competitive performance.

Support Vector Machine

SVM is arelatively new multivariate analysis algorithm ki strong statistical background.
It performs well for nonlinear discrimination and is relaty insensitive to overtraining.

Optimisation is straightforward due to a low number of atijbte parameters (only two in
the case of Gaussian kernel). The response speed is slavefdaha not-too-exhaustive
neural network, but comparable with other nonlinear method

Boosted Decision Trees

The BDT implementation has received constant attentiom tneefull year of its develop-
ment. The current version includes additional features tikgging, and manual or auto-
matic pruning of statistically insigni cant nodes.

RuleFit

The current version has the possibility to run either thgioal program written by J. Fried-

man or an independent TMVA implementation. Lately, theelaltas improved both in speed
and performance. The current version achieves almost@&guiwesults, with however usu-
ally somewhat better robustness for the original imple o,

The current emphasis of the TMVA core developments lies erctimsolidation and further im-
provement of the existing classi ers and of the TMVA frameatioln spite of that new classi ers
are under development. Among these are: Bayesian classirat &Committeeclassi er, building
weighted rules out of arbitrary combinations of TMVA clases$ and input variables.
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A Classi er Booking Examples

The Code Example4l and42 give a (non-exhaustive) collection of classi er booking&hap-
propriate default options. They correspond to the exanmglribg job

Code Example 41: Examples for booking classi ers in TMVA. The rst argumerst & unique type enu-
merator (the avaliable types can be looked up in ), the second is a user-de ned name (must
be unique among all booked classi ers), and the third a camagion option string that is speci c to the
classi er. For options that are not set in the string defaalties are used. The syntax of the options should
become clear from the above examples. Individual optioesaparated by a ":'. Boolean variables can be
set either explicitly as ,Or just via . All concrete option
variables are explained in the tools and classi er sectirthis users guide. The list is continued in Code

Exampled2.
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Code Example 42: Continuation from Code Examp#el.
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